Quantum extremal loop weight modules and monomial crystals by Mansuy, Mathieu
ar
X
iv
:1
20
7.
32
99
v2
  [
ma
th.
QA
]  1
 M
ay
 20
13
QUANTUM EXTREMAL LOOP WEIGHT MODULES AND
MONOMIAL CRYSTALS
MATHIEU MANSUY
Abstract. In this paper we construct a new family of representations for the quan-
tum toroidal algebra Uq(sl
tor
n+1), which are ℓ-extremal in the sense of Hernandez [24].
We construct extremal loop weight modules associated to level 0 fundamental weights
̟ℓ when n = 2r + 1 is odd and ℓ = 1, r + 1 or n. To do it, we relate monomial
realizations of level 0 extremal fundamental weight crystals with integrable represen-
tations of Uq(sl
tor
n+1), and we introduce promotion operators for the level 0 extremal
fundamental weight crystals. By specializing the quantum parameter, we get finite-
dimensional modules of quantum toroidal algebras at roots of unity. In general, we
give a conjectural process to construct extremal loop weight modules from monomial
realizations of crystals.
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1. Introduction
Let us consider a finite-dimensional simple Lie algebra g and its associated quantum
affine algebra Uq(gˆ). Beck and Drinfeld [3, 12] proved that Uq(gˆ) has two realizations:
first as the quantized enveloping algebra of the affine Lie algebra gˆ and second as the
Drinfeld quantum affinization of the quantum group Uq(g).
The representation theory of the quantum affine algebras has been intensively stud-
ied (see, among others, [1, 5, 8, 10, 18, 20, 36, 41]). Kashiwara [32] has defined a class
of integrable representations V (λ) of these algebras, called extremal weight modules,
parametrized by an integrable weight λ and with crystal basis B(λ). When λ is dom-
inant, V (λ) is the simple integrable module of highest weight λ. But in general V (λ)
1
2 MATHIEU MANSUY
is not simple and it is neither of highest weight nor of lowest weight. These represen-
tations were the subject of numerous papers (see [4, 5, 28, 32, 34, 39, 40, 43]) and are
particularly important because they have finite-dimensional quotients for some special
weight λ. Kashiwara has proved in this way the existence of crystal bases for the finite-
dimensional fundamental representations of Uq(gˆ) (for a special choice of the spectral
parameter).
The quantum affine algebra Uq(gˆ) is also a quantum Kac-Moody algebra and thus can
be affinized again by the Drinfeld quantum affinization process. One gets a toroidal
(or double affine) quantum algebra Uq(g
tor) which is not a quantum Kac-Moody al-
gebra anymore and can not be affinized again by this process (it can be viewed as
“the terminal object” in this construction). These algebras were first introduced by
Ginzburg-Kapranov-Vasserot in type A [21] and then in the general context [29, 41].
In type A, they are in Schur-Weyl duality with elliptic Cherednik algebras [48].
The representation theory of these algebras has been intensively studied (see for
example [13, 14, 15, 16, 22, 24, 26, 38, 49] and references therein). In the spirit of works
of Kashiwara, Hernandez [24] proposed the definition of extremal loop weight modules
for Uq(g
tor). The main motivation is to construct finite-dimensional representations
of the quantum toroidal algebra at roots of unity. He constructs the first example of
such a module for Uq(sl
tor
4 ) which is neither of ℓ-highest weight nor of ℓ-lowest weight.
This module is generated by an ℓ-weight vector of ℓ-weight an analogue of the level 0
fundamental weight ̟1 = Λ1 − Λ0. By specializing the quantum parameter q at roots
of unity, he obtains finite-dimensional representations of the quantum toroidal algebra
at roots of unity.
In the present paper, we construct a new family of extremal loop weight modules
for the quantum toroidal algebra Uq(sl
tor
n+1)
1: we define extremal loop weight modules
associated to the level 0 fundamental weight ̟ℓ = Λℓ−Λ0 when n = 2r+1 is odd and
ℓ = 1, r + 1 or n (Theorem 4.1). We call them the extremal fundamental loop weight
modules. This construction is based on the monomial realizations of level 0 extremal
fundamental weight crystals B(̟ℓ). We relate these monomial crystals with integrable
representations of Uq(sl
tor
n+1) by studying their combinatorics: we introduce promotion
operators for B(̟ℓ) (1 ≤ ℓ ≤ n). We describe them in terms of monomials. These
operators play an important role in our work: on the one hand, at the level of crystals,
they are used to check that these monomial crystals are closed when ℓ = 1, r + 1 or n
(see Definition 3.6 for this notion, related to the theory of q–characters). On the other
hand, at the level of representations, they enable us to define the action of the quan-
tum toroidal algebra. We show that the representations we constructed are irreducible
and, as modules over the horizontal quantum affine subalgebra, they are isomorphic
to the fundamental extremal weight modules V (̟ℓ). We give explicit formulas for the
action from the associated monomial crystal. By specializing the quantum parameter
q at roots of unity, we get new irreducible finite-dimensional representations of the
quantum toroidal algebra at roots of unity. When ℓ is not equal to 1, r + 1 or n, the
1After this paper appeared on the arXiv, the constructions in [16] were brought to our attention by
H. Nakajima. Some of the representations constructed in this paper (the V (Y1,0Y
−1
0,1 )) are also defined
in [16] from another point of view and are called vector representations there.
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corresponding monomial crystals are not closed and it is not possible to make the same
construction. We give a conjectural process to define other extremal loop weight mod-
ules in this situation: as an example, we construct an extremal loop weight module of
Uq(sl
tor
4 ) associated to the weight 2̟1.
Let us describe the methods used in this paper in more detail. In [35, 42], Kashiwara
and Nakajima have defined a crystal M, called the monomial crystal, whose vertices
are Laurent monomials. They determined monomial realizations of crystals of finite
type. These results have been extended in [28] to the level 0 extremal weight Uq(sˆln+1)-
crystals B(̟ℓ) (1 ≤ ℓ ≤ n): if n = 2r + 1 is odd, it is isomorphic to a sub-Uq(sˆln+1)-
crystal Mℓ of M.
The monomials occurring in these realizations of crystals can be interpreted at the
level of representation theory. In fact Frenkel and Reshetikhin [20] defined a corre-
spondence between ℓ-weights (eigenvalues of the Cartan subalgebra for the Drinfeld
realization) and these monomials. Motivated by these facts, Hernandez [24] used the
monomial Uq(sˆl4)-crystal M1 to construct an integrable representation of Uq(sl
tor
4 )
whose ℓ-weights are the monomials occurring in this crystal. He defined in this way the
first example of extremal loop weight modules for Uq(sl
tor
4 ). We use the same technical
feature in this paper. We propose to relate the monomial Uq(sˆln+1)-crystalsMℓ (where
n = 2r + 1 is supposed to be odd) with integrable representations of Uq(sl
tor
n+1).
Let us outline the main steps of the construction of extremal fundamental loop weight
modules associated to Mℓ. It is based on the combinatorial study of these crystals.
The cyclic symmetry of the Dynkin diagram of type A
(1)
n has a counterpart at the level
of crystals. Actually, these symmetry properties are already known for the Uq(sln+1)-
crystals of finite type, and translated into the existence of promotion operators (see
[2, 17, 44, 46, 47] and references therein). Here we introduce promotion operators for
the level 0 extremal fundamental weight crystals B(̟ℓ) (1 ≤ ℓ ≤ n). We improve
these operators in the monomial realizations Mℓ of [28]. In particular, we get a new
description of these monomial crystals.
A monomial set is not in general the set of ℓ-weights of an integrable representation.
In fact, it must satisfy combinatorial properties related to the theory of q-characters
(see [18, 20]). This leads us to introduce the notion of closed monomial set (Definition
3.6). It gives a necessary condition for a set to be the set of ℓ-weights of an integrable
representation. Finally, we determine when the monomial crystal Mℓ is closed, using
promotion operators: this is the case if and only if ℓ = 1, r + 1 or n (Theorem 3.22).
When Mℓ is closed, we construct an associated integrable Uq(sl
tor
n+1)-module whose
the set of ℓ-weights consists of monomials occurring in Mℓ. For that, we paste to-
gether some finite-dimensional representations of the various vertical quantum affine
subalgebas of Uq(sl
tor
n+1). The existence of promotion operators for Mℓ involves that it
defines a Uq(sl
tor
n+1)-module structure. Furthermore we check that the representations
obtained in this way do satisfy the definition of extremal loop weight modules. They
are irreducible, isomorphic to the level 0 fundamental extremal representations V (̟ℓ)
as modules over the horizontal quantum affine subalgebra. Moreover the action of
the quantum toroidal algebra on them is explicitly known, given from the associated
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crystal. Finally by specializing the quantum parameter q at roots of unity, we get
finite-dimensional representations of the quantum toroidal algebra at roots of unity.
When the monomial crystal Mℓ is not closed, there is no integrable representation
of Uq(sl
tor
n+1) whose set of ℓ-weights consists of monomials occurring in it. The idea is to
consider instead ofMℓ a closed crystal containing it and to apply the preceding methods
to this crystal. We treat an example of such a construction: we define a representation
of Uq(sl
tor
4 ) which satisfies the definition of extremal loop weight modules.
Let us now describe briefly the organization of this paper.
In Section 2 we recall the definitions of quantum affine algebras Uq(sˆln+1) and quan-
tum toroidal algebras Uq(sl
tor
n+1) and we briefly review their representation theory. In
particular one defines the extremal weight modules and the extremal loop weight mod-
ules. Section 3 is devoted to the study of monomial crystals. We recall its definition and
we introduce the notion of closed monomial set (Definition 3.6). We introduce promo-
tion operators for the level 0 fundamental extremal weight crystals. As a consequence,
we determine when Mℓ is closed (Theorem 3.22). In Section 4 we construct a new
family of representations of Uq(sl
tor
n+1) (the extremal fundamental loop weight modules)
when n is odd and Mℓ is closed (Theorem 4.1). We check that these representations
satisfy the definition of extremal loop weight modules (Theorem 4.7) and we give for-
mulas for the action (Theorem 4.12). We get finite-dimensional representations of the
quantum toroidal algebra at roots of unity by specializing the quantum parameter q at
roots of unity (Theorem 4.18). In Section 5 we treat an example where the considered
monomial crystal is not closed. We construct a representation of Uq(sl
tor
4 ) associated
to the level 0 weight 2̟1. In Section 6 other possible developments and applications
of these results are discussed.
Acknowledgements: I am grateful to my advisor David Hernandez for suggesting
me this problem, for his encouragement and precious comments. I would like to thank
Anne Schilling and Cedric Lecouvey for their comments on the promotion operators
and for pointing me out some references. I want to thank Hiraku Nakajima for in-
teresting questions about a first version of this work. I thank Alexandre Bouayad for
accurate discussions and numerous observations, Xin Fang and Dragos Fratila for useful
discussions. Finally the referee deserves thanks for careful reading and many precious
comments.
2. Background
We recall the main definitions and general properties about the representation theory
of quantum affine algebras and quantum toroidal algebras of type A.
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2.1. Cartan matrix. Let C = (Ci,j)0≤i,j≤n be a Cartan matrix of type A
(1)
n (n ≥ 2),
C =


2 −1 0 · · · 0 −1
−1 2
. . .
. . . 0
0
. . .
. . .
. . .
. . .
...
...
. . .
. . .
. . .
. . . 0
0
. . .
. . . 2 −1
−1 0 · · · 0 −1 2


.
Remark 2.1. The case n = 1 is not studied in the article and is particular. In this
case, the Cartan matrix is (
2 −2
−2 2
)
and involves −2. Furthermore, the quantum toroidal algebra Uq(sl
tor
2 ) requires a spe-
cial definition with different possible choices of the quantized Cartan matrix (see [26,
Remark 4.1]).
Set I = {0, . . . , n} and I0 = {1, . . . , n}. In particular, (Ci,j)i,j∈I0 is the Cartan matrix
of finite type An. In the following, I will be often identified with the set Z/(n + 1)Z.
Consider the vector space of dimension n+ 2
h = Qh0 ⊕Qh1 ⊕ · · · ⊕Qhn ⊕Qd
and the linear functions αi (the simple roots), Λi (the fundamental weights) on h given
by (i, j ∈ I)
αi(hj) = Cj,i, αi(d) = δ0,i,
Λi(hj) = δi,j , Λi(d) = 0.
Denote by Π = {α0, . . . , αn} ⊂ h
∗ the set of simple roots and Π∨ = {h0, . . . , hn} ⊂ h
the set of simple coroots. Let P = {λ ∈ h∗ | λ(hi) ∈ Z for any i ∈ I} be the weight
lattice and P+ = {λ ∈ P | λ(hi) ≥ 0 for any i ∈ I} the semigroup of dominant weights.
Let Q =
⊕
i∈I Zαi ⊂ P (the root lattice) and Q
+ =
∑
i∈I Nαi ⊂ Q. For λ, µ ∈ h
∗,
write λ ≥ µ if λ− µ ∈ Q+.
Set h0 = Qh1⊕ · · · ⊕Qhn and Π0 = {α1, . . . , αn}, Π
∨
0 = {h1, . . . , hn}. (h0,Π0,Π
∨
0 ) is
a realization of (Ci,j)i,j∈I0 (see [30]). We define as above the associated weight lattice
P0, its subset P
+
0 of dominant weights, and the root lattice Q0.
Denote by W the affine Weyl group: it is the subgroup of GL(h∗) generated by the
simple reflections si ∈ GL(h
∗) defined by si(λ) = λ− λ(hi)αi (i ∈ I). The Weyl group
of finite type W0 is the subgroup of W generated by the si with i ∈ I0.
Let c = h0 + · · ·+ hn and δ = α0 + · · ·+ αn. We have
{ω ∈ P | ω(hi) = 0 for all i ∈ I} = Qδ.
Put Pcl = P/Qδ and denote by cl : P → Pcl the canonical projection. Denote by
P 0 = {λ ∈ P | λ(c) = 0} the set of level 0 weights.
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2.2. Quantum affine algebra Uq(sˆln+1). In this article q = e
t ∈ C∗ (t ∈ C) is not a
root of unity and is fixed. For l ∈ Z, r ≥ 0,m ≥ m′ ≥ 0 we set
[l]q =
ql − q−l
q − q−1
∈ Z[q±1], [r]q! = [r]q[r − 1]q . . . [1]q,
[
m
m′
]
q
=
[m]q!
[m−m′]q![m′]q!
.
Definition 2.2. The quantum affine algebra Uq(sˆln+1) is the C-algebra with generators
kh (h ∈ h), x
±
i (i ∈ I) and relations
khkh′ = kh+h′ , k0 = 1,
khx
±
j k−h = q
±αj(h)x±j ,
[x+i , x
−
j ] = δi,j
ki − k
−1
i
q − q−1
,
(x±i )
(2)x±i+1 − x
±
i x
±
i+1x
±
i + x
±
i+1(x
±
i )
(2) = 0.
Here we use the notation k±1i = k±hi and for all r ≥ 0 we set (x
±
i )
(r) =
(x±i )
r
[r]q!
. One
defines a coproduct on Uq(sˆln+1) by setting
∆(kh) = kh ⊗ kh,
∆(x+i ) = x
+
i ⊗ 1 + k
+
i ⊗ x
+
i , ∆(x
−
i ) = x
−
i ⊗ k
−
i + 1⊗ x
−
i .
Let Uq(sˆln+1)
′ be the subalgebra of Uq(sˆln+1) generated by x
±
i and kh (h ∈
∑
Qhi).
This has Pcl as a weight lattice.
For J ⊂ I denote by Uq(sˆln+1)J the subalgebra of Uq(sˆln+1) generated by the x
±
i , kphi
for i ∈ J, p ∈ Q. If J = I0, Uq(sˆln+1)I0 is the quantum group of finite type associated
to the data (h0,Π0,Π
∨
0 ), also denoted by Uq(sln+1). In particular, a Uq(sˆln+1)-module
has a structure of Uq(sln+1)-module. If J = {i} with i ∈ I, Uq(sˆln+1)J is isomorphic
to Uq(sl2) and denoted by Ui. So a Uq(sˆln+1)-module has also a structure of Uq(sl2)-
module.
Let Uq(sˆln+1)
+ (resp. Uq(sˆln+1)
−, Uq(h)) be the subalgebra of Uq(sˆln+1) generated
by the x+i (resp. the x
−
i , the kh). We have a triangular decomposition of Uq(sˆln+1)
(see [36]):
Theorem 2.3. We have an isomorphism of vector spaces
Uq(sˆln+1) ≃ Uq(sˆln+1)
− ⊗ Uq(h) ⊗ Uq(sˆln+1)
+.
2.3. Representations of Uq(sˆln+1). For V a representation of Uq(sˆln+1) and ν ∈ P ,
the weight space Vν of V is
Vν = {v ∈ V |kh · v = q
ν(h)v,∀h ∈ h}.
Set wt(V ) = {ν ∈ P |Vν 6= {0}}.
For λ ∈ P , a representation V is said to be of highest weight λ if there is v ∈ Vλ
such that for all i ∈ I, x+i · v = 0 and Uq(sˆln+1) · v = V . Furthermore there is a unique
simple highest weight module of highest weight λ.
Definition 2.4. A representation V is said to be integrable if
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(i) it admits a weight space decomposition V =
⊕
ν∈P Vν,
(ii) all the x±i (i ∈ I) are locally nilpotent.
Remark 2.5. This definition differs from the one given in [24]. In fact it is required
in addition in [24] that the representation V satisfies
(iii) Vν is finite-dimensional for any ν ∈ P ,
(iv) Vν±Nαi = {0} for all ν ∈ P , N >> 0, i ∈ I.
These conditions are implied by the previous ones for the highest weight modules.
Theorem 2.6. [36] The simple highest weight module of highest weight λ is integrable
if and only if λ is dominant. We denote it V (λ) (λ ∈ P+).
For an integrable representation V of Uq(sˆln+1) with finite-dimensional weight spaces,
one defines the usual character
χ(V ) =
∑
ν∈P
dim(Vν)e(ν) ∈
∏
ν∈P
Ze(ν).
Similar definitions hold for the quantum group Uq(sln+1). In this case, the integrable
simple highest weight modules are parametrized by P+0 and denoted by V0(λ) (λ ∈ P
+
0 ).
Further they are finite-dimensional (see [36, 45]). Let C be the category of integrable
finite-dimensional representations of Uq(sln+1) and R its Grothendieck ring.
Theorem 2.7. [36, 45] The category C is a semi-simple tensor category and the simple
objects of C are the (V0(λ))λ∈P+0
. Furthermore χ induces a ring morphism
χ : R →
⊕
ν∈P0
Ze(ν)
where the product at the right hand side is defined by e(µ)e(ν) = e(µ + ν).
We do not recall here the theory of crystal bases of quantum groups, we just refer
to [32, 33, 34]. Let us remind only that for λ ∈ P+, the Uq(sˆln+1)-module V (λ) has
a crystal basis B(λ). In the same way we denote by B0(λ) the crystal basis of the
Uq(sln+1)-module V0(λ) (λ ∈ P
+
0 ). When we want to distinguish crystals of Uq(sˆln+1),
Uq(sˆln+1)J with J ⊂ I and Uq(sˆln+1)
′, we call it respectively a P -crystal or I-crystal,
a J-crystal and a Pcl-crystal.
2.4. Extremal weight modules. In this section we recall the definition and some
properties of extremal weight modules for the quantum affine algebra Uq(sˆln+1) given
by Kashiwara [32, 34]. All of these hold for general quantum Kac-Moody algebras and
in particular for Uq(sln+1).
Definition 2.8. For an integrable Uq(sˆln+1)-module V and λ ∈ P , a vector v ∈ Vλ is
called extremal of weight λ if there are vectors {vw}w∈W such that vId = v and
x±i · vw = 0 and (x
∓
i )
(±w(λ)(hi)) · vw = vsi(w) if ± w(λ)(hi) ≥ 0.
Note that if the vector v is extremal of weight λ, then for w ∈ W , vw is extremal of
weight w(λ).
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Remark 2.9. The definition of extremal vector can be rewritten as follows (see [32]):
for an integrable Uq(sˆln+1)-module V , a weight vector v of weight λ is called i-extremal if
x+i ·v = 0 or x
−
i ·v = 0. In this case we set Si(v) = (x
−
i )
(λ(hi))·v or Si(v) = (x
+
i )
(−λ(hi))·v
respectively. Then a weight vector v is extremal if, for any l ≥ 0, Si1 ◦ · · · ◦ Sil(v) is
i-extremal for any i, i1, · · · , il ∈ I. We set in that case
W · v = {Si1 ◦ · · · ◦ Sil(v)v| l ∈ N, i1, · · · , il ∈ I}.
The notion of extremal elements in a crystal B can be defined in the same way.
Definition 2.10. For λ ∈ P , the extremal weight module V (λ) of extremal weight λ
is the Uq(sˆln+1)-module generated by a vector vλ with the defining relations that vλ is
extremal of weight λ.
Example 2.11. If λ is dominant, V (λ) is the simple highest weight module of highest
weight λ.
Theorem 2.12. [32] For λ ∈ P , the module V (λ) is integrable and has a crystal basis
B(λ).
Set λ = ̟ℓ, where 1 ≤ ℓ ≤ n and ̟ℓ is the level 0 fundamental weight ̟ℓ = Λℓ−Λ0.
Theorem 2.13. [34] Let 1 ≤ ℓ ≤ n.
(i) V (̟ℓ) is an irreducible Uq(sˆln+1)-module.
(ii) Any non-zero integrable Uq(sˆln+1)-module generated by an extremal weight vec-
tor of weight ̟ℓ is isomorphic to V (̟ℓ).
Let w be an element ofW such that w(̟ℓ) = ̟ℓ+δ. Such an element exists and is not
unique (see [34]). It defines a Uq(sˆln+1)
′-automorphism (also called Pcl-automorphism
in the following) of the restricted Uq(sˆln+1)
′-module V (̟ℓ), which sends v to vw. It is
of weight δ, and denoted by zℓ. Let us define the Uq(sˆln+1)
′-module
W (̟ℓ) = V (̟ℓ)/(zℓ − 1)V (̟ℓ).
Then we have
Theorem 2.14. [34] Let 1 ≤ ℓ ≤ n.
(i) W (̟ℓ) is a finite-dimensional irreducible Uq(sˆln+1)
′-module.
(ii) For any µ ∈ wt(V (̟ℓ)),
W (̟ℓ)cl(µ) ≃ V (̟ℓ)µ.
(iii) V (̟ℓ) is isomorphic to W (̟ℓ)aff as a Uq(sˆln+1)-module.
HereMaff is the affinization of an integrable Uq(sˆln+1)
′-moduleM : this is the Uq(sˆln+1)-
module with a weight space decomposition Maff =
⊕
ν∈P (Maff)ν defined by
(Maff)ν =Mcl(ν)
and with the obvious action of x±i . Note also that we have an isomorphism of Uq(sˆln+1)
′-
modules
Maff ≃ C[z, z
−1]⊗M
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where x±i act on the right hand side by z
±δi,0x±i . In the same way one defines the
affinization Baff of a Pcl-crystal B. For an integrable Uq(sˆln+1)
′-module M with associ-
ated Pcl-crystal B, its affinization Maff has a P -crystal Baff .
2.5. Quantum toroidal algebra Uq(sl
tor
n+1). In this section, we recall the definition
and the main properties of the quantum toroidal algebra Uq(sl
tor
n+1) (without central
charge).
Definition 2.15. [21] The quantum toroidal algebra Uq(sl
tor
n+1) is the C-algebra with
generators x±i,r (i ∈ I, r ∈ Z), kh (h ∈ h), hi,m (i ∈ I,m ∈ Z − {0}) and the following
relations (i, j ∈ I, r, r′, r1, r2 ∈ Z,m ∈ Z− {0})
khkh′ = kh+h′ , k0 = 1 , [kh, hj,m] = 0 , [hi,m, hj,m′ ] = 0,
khx
±
j,rk−h = q
±αj(h)x±j,r,
(1) [hi,m, x
±
j,r] = ±
1
m
[mCi,j ]qx
±
j,m+r,
[x+i,r, x
−
j,r′ ] = δij
φ+i,r+r′ − φ
−
i,r+r′
q − q−1
,
x±i,r+1x
±
j,r′ − q
±Cijx±j,r′x
±
i,r+1 = q
±Cijx±i,rx
±
j,r′+1 − x
±
j,r′+1x
±
i,r,
x±i,r1x
±
i,r2
x±i±1,r′ − (q + q
−1)x±i,r1x
±
i±1,r′x
±
i,r2
+ x±i±1,r′x
±
i,r1
x±i,r2 =
−x±i,r2x
±
i,r1
x±i±1,r′ + (q + q
−1)x±i,r2x
±
i±1,r′x
±
i,r1
− x±i±1,r′x
±
i,r2
x±i,r1 ,
and [x±i,r1 , x
±
j,r2
] = 0 if i 6= j, j ± 1. Here for all i ∈ I and m ∈ Z, φ±i,m ∈ Uq(sl
tor
n+1) is
determined by the formal power series in Uq(sl
tor
n+1)[[z]] (resp. in Uq(sl
tor
n+1)[[z
−1]])
φ±i (z) =
∑
m≥0
φ±i,±mz
±m = k±1i exp

±(q − q−1)∑
m′≥1
hi,±m′z
±m′


and φ+i,m = 0 for m < 0, φ
−
i,m = 0 for m > 0.
There is an algebra morphism Uq(sˆln+1)→ Uq(sl
tor
n+1) defined by kh 7→ kh , x
±
i 7→ x
±
i,0
(h ∈ h, i ∈ I). Its image is called the horizontal quantum affine subalgebra of Uq(sl
tor
n+1)
and is denoted by Uhq (sl
tor
n+1). In particular, a Uq(sl
tor
n+1)-module V has also a structure
of Uq(sˆln+1)-module. We denote by Res(V ) the restricted Uq(sˆln+1)-module obtained
from V .
As it is said above, the quantum affine algebra Uq(sˆln+1)
′ has another realization in
terms of Drinfeld generators [3, 12]: this is the C-algebra with generators x±i,r (i ∈ I0,
r ∈ Z), kh (h ∈ h0), hi,m (i ∈ I0,m ∈ Z − {0}) and the same relations as in Definition
2.15. It is isomorphic to the subalgebra Uvq (sl
tor
n+1) of Uq(sl
tor
n+1) generated by the x
±
i,r,
kh, hi,m (i ∈ I0, r ∈ Z, h ∈ h0,m ∈ Z − {0}). U
v
q (sl
tor
n+1) is called the vertical quantum
affine subalgebra of Uq(sl
tor
n+1).
For all j ∈ I, set Ij = I − {j} and define the subalgebra U
v,j
q (sltorn+1) of Uq(sl
tor
n+1)
generated by the x±i,r, kh, hi,m (i ∈ Ij, r ∈ Z, h ∈
⊕
i∈Ij
Qhi,m ∈ Z−{0}). In particular
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Uv,0q (sltorn+1) is the vertical quantum affine subalgebra U
v
q (sl
tor
n+1) of Uq(sl
tor
n+1). All the
Uv,jq (sltorn+1) for various j ∈ I are isomorphic: in fact let θ be the automorphism of the
Dynkin diagram of type A
(1)
n corresponding to the rotation such that θ(k) = k+1, where
I is identified to the set Z/(n + 1)Z. It defines an automorphism θh of h by sending
hi, d to hθ(i), d (i ∈ I). For all j ∈ J , let θ
(j) be the automorphism of Uq(sl
tor
n+1) which
sends x±i,r, kh, hi,m to x
±
θj(i),r
, k
θj
h
(h)
, hθj(i),m respectively (where i ∈ I, h ∈ h, r ∈ Z,
m ∈ Z − {0}). It gives by restriction an isomorphism of algebras between Uvq (sl
tor
n+1)
and Uv,jq (sltorn+1), still denoted by θ
(j) in the following. If V is a Uq(sˆln+1)
′-module, we
denote by V (j) the induced Uv,jq (sltorn+1)-module.
For i ∈ I, the subalgebra Uˆi generated by the x
±
i,r, hi,m, kphi (r ∈ Z, m ∈ Z − {0},
p ∈ Q) is isomorphic to Uq(sˆl2)
′.
We have a triangular decomposition of Uq(sl
tor
n+1).
Theorem 2.16. [38, 41] We have an isomorphism of vector spaces
Uq(sl
tor
n+1) ≃ Uq(sl
tor
n+1)
− ⊗ Uq(hˆ)⊗ Uq(sl
tor
n+1)
+,
where Uq(sl
tor
n+1)
± (resp. Uq(hˆ)) is generated by the x
±
i,r (resp. the kh, the hi,m).
2.6. Representations of Uq(sl
tor
n+1).
Definition 2.17. A representation V of Uq(sl
tor
n+1) is said to be integrable if Res(V ) is
integrable as a Uq(sˆln+1)-module.
Definition 2.18. A representation V of Uq(sl
tor
n+1) is said to be of ℓ-highest weight if
there is v ∈ V such that
(i) V = Uq(sl
tor
n+1)
− · v,
(ii) Uq(hˆ) · v = Cv,
(iii) for any i ∈ I, r ∈ Z, x+i,r · v = 0.
For γ ∈ Hom(Uq(hˆ),C) an algebra morphism, by Theorem 2.16 we have a corre-
sponding Verma module M(γ) and a simple representation V (γ) which are ℓ-highest
weight. Then we have:
Theorem 2.19. [38, 41] The simple representations V (γ) of Uq(sl
tor
n+1) are integrable
if there is (λ, (Pi)i∈I) ∈ P
+ × (1 + uC[u])I satisfying γ(kh) = q
λ(h) and for i ∈ I the
relation in C[[z]] (resp. in C[[z−1]])
γ(φ±i (z)) = q
deg(Pi)
Pi(zq
−1)
Pi(zq)
.
The polynomials Pi are called Drinfeld polynomials and the representation V (γ) is then
denoted by V (λ, (Pi)i∈I). Such a representation is also integrable in the sense of [24],
i.e. V (λ, (Pi)i∈I) satisfies conditions (iii) and (iv) of Remark 2.5.
The Kirillov-Reshetikhin module associated to k ≥ 0, a ∈ C∗ and 0 ≤ ℓ ≤ n, is the
simple integrable representation of weight kΛℓ with the n–tuple
Pi(u) =
{
(1− ua)(1 − uaq2) · · · (1− uaq2(k−1)) for i = ℓ,
1 for i 6= ℓ.
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If k = 1, it is also called fundamental module.
Consider an integrable representation V of Uq(sl
tor
n+1). As the subalgebra Uq(hˆ) is
commutative, we have a decomposition of the weight spaces Vν in simultaneous gener-
alized eigenspaces
Vν =
⊕
(ν,γ)∈P×Hom(Uq(hˆ),C)
V(ν,γ),
where V(ν,γ) = {x ∈ V/∃p ∈ N,∀i ∈ I,∀m ≥ 0, (φ
±
i,±m − γ(φ
±
i,±m))
p · x = 0}. If
V(ν,γ) 6= {0}, (ν, γ) is called an ℓ-weight of V .
Definition 2.20. A Uq(sl
tor
n+1)-module V is weighted if the Cartan subalgebra Uq(hˆ)
acts on V by diagonalizable operators. The module V is thin if it is weighted and the
joint spectrum is simple.
The terminology is different in [13, 14, 15, 16]: a thin module is called tame.
Definition 2.21. [20, 22, 41] The q–character of an integrable representation V of
Uq(sl
tor
n+1) with finite-dimensional ℓ-weight spaces is defined by the formal sum
χq(V ) =
∑
(ν,γ)∈P×Hom(Uq(hˆ),C)
dim(V(ν,γ))e(ν, γ).
Furthermore if the weight spaces of V are finite-dimensional we have
χ(Res(V )) = β(χq(V )),
where Res(V ) still denotes the restricted Uq(sˆln+1)-module obtained from V and
β :
∏
(ν,γ)∈P×Hom(Uq(hˆ),C)
Ze(ν, γ)→
∏
ν∈P
Ze(ν)
is Z-linear such that β(e(ν, γ)) = e(ν) for all (ν, γ) ∈ P ×Hom(Uq(hˆ),C).
Proposition 2.22. [20, 22, 41] Let V be an integrable representation of Uq(sl
tor
n+1). An
ℓ-weight (ν, γ) ∈ P ×Hom(Uq(hˆ),C) of V satisfies the property
(i) there exist polynomials Qi(z), Ri(z) ∈ C[z] (i ∈ I) of constant term 1 such that
in C[[z]] (resp. in C[[z−1]]):
(2)
∑
m≥0
γ(φ±i,±m)z
±m = qdeg(Qi)−deg(Ri)
Qi(zq
−1)Ri(zq)
Qi(zq)Ri(zq−1)
.
At more, if V has a finite composition series L0 = {0} ⊂ L1 ⊂ L2 ⊂ · · · ⊂ Lk = V
such that Lj+1/Lj ≃ V (λj , (P
j
i )i∈I) where the roots of P
j
i are in q
Z for all i ∈ I,
0 ≤ j ≤ k − 1, then
(ii) there exist ω ∈ P+, α ∈ Q+ satisfying ν = ω − α,
(iii) the zeros of the polynomials Qi(z), Ri(z) are in q
Z.
If V is a Kirillov-Reshetikhin module, one reduces to the case where the defining
parameter a is in qZ by twisting the action by the automorphisms tb of Uq(sl
tor
n+1) given
by (b ∈ C∗)
tb(x
±
i,r) = b
rx±i,r, tb(h
±
i,m) = b
mh±i,m, tb(kh) = kh.
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Consider formal variables Y ±1i,l , e
ν (i ∈ I, l ∈ Z, ν ∈ P ) and let A be the group of
monomials of the form m = eω(m)
∏
i∈I,l∈Z Y
ui,l(m)
i,l where ui,l(m) ∈ Z, ω(m) ∈ P are
such that ∑
l∈Z
ui,l(m) = ω(m)(hi).
For example, e±ΛiY ±1i,l ∈ A and Ai,l = e
αiYi,l−1Yi,l+1Y
−1
i−1,lY
−1
i+1,l ∈ A. A monomial m
is said to be J-dominant (J ⊂ I) if for all j ∈ J and l ∈ Z we have uj,l(m) ≥ 0. An
I-dominant monomial is said to be dominant.
Remark 2.23. Let us fix a monomial m ∈ A and consider monomials m′ which are
products of m with various A±1i,l ’s (i ∈ I, l ∈ Z). By [28, Remark 2.1], ω(m
′) is uniquely
determined by ω(m) and ui,l(m
′). So in the following when we are in this situation,
the term eω(m
′) will be safely omitted.
Let V be an integrable Uq(sl
tor
n+1)-module such that for all ℓ-weight (ν, γ) of V , the
roots of the associated polynomials Qi(z) and Ri(z) are in q
Z for all i ∈ I. For
(ν, γ) ∈ P × Hom(Uq(hˆ),C) an ℓ-weight of V , one defines the monomial m(ν,γ) =
eν
∏
i∈I,l∈Z Y
ui,l−vi,l
i,l where
Qi(z) =
∏
l∈Z
(1− zql)ui,l and Ri(z) =
∏
l∈Z
(1− zql)vi,l .
We denote V(ν,γ) = Vm(ν,γ) . We rewrite the q–character of an integrable representation
V with finite-dimensional ℓ-weight spaces by the formal sum
χq(V ) =
∑
m
dim(Vm)m ∈ Z[[e
ν , Y ±1i,l ]]ν∈P,i∈I,l∈Z.
Let us denote by M(V ) the set of monomials occurring in χq(V ).
By this correspondence between ℓ-weights and monomials due to Frenkel-Reshetikhin
[20], the I-tuple of Drinfeld polynomials with zeros in qZ are identified with the domi-
nant monomials. In particular for a dominant monomial m, one denotes by V (m) the
simple module of ℓ-highest weight m. For example V (ekΛℓYℓ,sYℓ,s+2 . . . Yℓ,s+2(k−1)) is
the Kirillov-Reshetikhin module associated to k ≥ 0, a = qs ∈ C∗ (s ∈ Z) and ℓ ∈ I,
and V (eΛℓYℓ,s) is the fundamental module associated to a = q
s ∈ C∗ (s ∈ Z) and ℓ ∈ I.
Similar results hold for the quantum affine algebra Uq(sˆln+1)
′ due to Chari-Pressley
[9]. In this case, the simple integrable representations are finite-dimensional and de-
noted V0((Pi)i∈I0) in the following. Note that the weights λ ∈ P0 can be omitted here
because they are completely determined by the Drinfeld polynomials (Pi)i∈I0 ,
λ = deg(P1)Λ1 + · · ·+ deg(Pn)Λn.
In the same way if V is a Kirillov-Reshetikhin module of Uq(sˆln+1)
′, its ℓ-weights can
be only considered as elements of Hom(Uq(hˆ0),C) (where Uq(hˆ0) is the subalgebra of
Uq(sˆln+1)
′ generated by kh (h ∈ h0) and hi,m (i ∈ I0,m ∈ Z − {0})). They still satisfy
relations (2). By twisting the action on V by an automorphism tb of Uq(sˆln+1)
′ for
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some b ∈ C∗, it can be parametrized as above by Laurent monomials in Z[Y ±1i,l ]i∈I0,l∈Z.
The weight ω(m) ∈ P0 of a monomial m ∈ Z[Y
±1
i,l ]i∈I0,l∈Z can be omitted here because
it is completely determined by the ui,l(m) (i ∈ I0, l ∈ Z).
Let us recall that the Kirillov-Reshetikhin modules V0(Yℓ,sYℓ,s+2 . . . Yℓ,s+2(k−1)) (k ≥
0, s ∈ Z, ℓ ∈ I0) over Uq(sˆln+1)
′ can be obtained from the Uq(sln+1)-modules V0(kΛℓ)
as follows: there exist evaluation morphisms eva : Uq(sˆln+1)
′ → Uq(sln+1) (a ∈ C
∗),
which send xi,0, kh on xi, kh respectively (i ∈ I0, h ∈ h0). So the Uq(sˆln+1)
′-module
V0(Yℓ,sYℓ,s+2 . . . Yℓ,s+2(k−1)) is obtained by pulling back the action of Uq(sln+1) on
V0(kΛℓ) by eva for some a ∈ C
∗. In particular, V0(Yℓ,sYℓ,s+2 . . . Yℓ,s+2(k−1)) is irre-
ducible as a Uq(sln+1)-module, isomorphic to V0(kΛℓ).
We have defined irreducible finite-dimensional Uq(sˆln+1)
′-modules W (̟ℓ) (ℓ ∈ I0) in
Section 2.4. One can determine them in term of the Drinfeld realization. For that we
need the following additional result.
Lemma 2.24. [43] Let v be a vector of an integrable Uq(sˆln+1)
′-module of weight
λ ∈ cl(P 0) such that for all i ∈ I0, λ(hi) ≥ 0. Then the following conditions are
equivalent:
(i) v is an extremal vector,
(ii) x+i,r · v = 0 for all i ∈ I0, r ∈ Z.
As a direct consequence of these results, W (̟ℓ) is isomorphic to a fundamental repre-
sentation V0((1− δℓ,iau)i∈I0) for a special choice of the spectral parameter a ∈ C
∗ (see
[43, Remark 3.3] for an expression of it). In particular for this spectral parameter, one
deduces that V0((1− δℓ,iau)i∈I0) has a crystal basis.
Let Cl be the category of finite-dimensional Uq(sˆln+1)
′-modules (of type 1) and Rl
its Grothendieck ring. Recall that Cl is an abelian monoidal category, not semi-simple,
with as simple objects the V0((Pi)i∈I0) and Rl is the polynomial ring over Z in the
classes [V0((1 − δℓ,iau)i∈I0)] (ℓ ∈ I0, a ∈ C
∗) (see [9, 20]). As in [27], we consider Cl,Z
the full subcategory of Cl whose objects V satisfy
for every composition factor S of V , the roots of the Drinfeld polynomials
(Pi(u))i∈I0 belong to q
Z.
This is also an abelian monoidal category, not semi-simple and the Grothendieck ring
Rl,Z of Cl,Z is the subring of Rl generated by the classes [V0(Yℓ,s)] with ℓ ∈ I0, s ∈ Z
(see [18]).
Theorem 2.25. [20] χq induces a ring morphism χq : Rl,Z → Z[Y
±1
i,l ]i∈I0,l∈Z, called
morphism of q–characters. Furthermore we have the following commutative diagram
Rl,Z
χq
//
Res

Z[Y ±1i,l ]i∈I0,l∈Z
β

R
χ
//
⊕
ν∈P0
Ze(ν)
where the ring morphism Res : Rl,Z → R is the restriction and β : Z[Y
±1
i,l ]i∈I0,l∈Z →⊕
ν∈P0
Ze(ν) is defined by β(m) = e(ω(m)).
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One does not have expression of q–character of a representation in general. But ex-
plicit formulas exist for the fundamental modules and the Kirillov-Reshetikhin modules
over Uq(sˆln+1)
′ and Uq(sl
tor
n+1), given in terms of tableaux [26, 42].
2.7. Extremal loop weight modules. We recall the notion of extremal loop weight
modules for Uq(sl
tor
n+1). The main motivation is the construction of finite-dimensional
representations of the quantum toroidal algebra as in the theory of Kashiwara, but at
roots of unity in this case.
Definition 2.26. [24] An extremal loop weight module of Uq(sl
tor
n+1) is an integrable
representation V such that there is an ℓ-weight vector v ∈ V satisfying
(i) Uq(sl
tor
n+1) · v = V ,
(ii) v is extremal for Uhq (sl
tor
n+1),
(iii) Uv,jq (sltorn+1) · w is finite-dimensional for all w ∈ V and j ∈ I.
Example 2.27. If m is dominant, the simple ℓ-highest weight module V (m) of ℓ-highest
weight m is an extremal loop weight module.
An example of such a representation which is neither of ℓ-highest weight nor of ℓ-lowest
weight is given in [24]. The goal of this article is to construct a new family of extremal
loop weight modules, called extremal fundamental loop weight modules.
3. Study of the monomial crystals M(e̟ℓYℓ,0Y
−1
0,dℓ
)
We will relate in our paper the monomial realizations Mℓ of level 0 extremal funda-
mental weight crystals B(̟ℓ) (1 ≤ ℓ ≤ n) of Uq(sˆln+1) with integrable representations
of Uq(sl
tor
n+1). In this section, we study the combinatorics of these monomial realizations,
the main point being the use of promotion operators for level 0 extremal fundamental
weight crystals introduced below. This is the first step of the construction of integrable
modules associated to Mℓ.
In the first part, one gives the definition of the monomial Uq(sˆln+1)-crystalM [35, 42].
This definition holds when the considered Cartan matrix has no odd cycle. So it does
not work for Uq(sˆln+1) when n is even, and we have to assume that n = 2r+1 (r ≥ 1)
is odd until the end of the article. Following [28], we recall the monomial realization of
B(̟ℓ) (1 ≤ ℓ ≤ n): it is isomorphic to the sub-Uq(sˆln+1)-crystalMℓ =M(e
̟ℓYℓ,0Y
−1
0,dℓ
)
of M generated by the monomial e̟ℓYℓ,0Y
−1
0,dℓ
(with dℓ equal to min(ℓ, n + 1 − ℓ)).
Furthermore we define the notions of q-closed monomial set and of monomial set closed
by the Kashiwara operators, respectively related to the theory of q-characters and to
the combinatorics of crystals.
The monomial crystals Mℓ are already studied in [28]: the monomials occurring
in these crystals are explicitly given for 1 ≤ ℓ ≤ n and their automorphisms zℓ are
described in terms of monomials. We recall these results in the second part.
In the third part, we introduce promotion operators for level 0 extremal fundamental
weight crystals B(̟ℓ) (1 ≤ ℓ ≤ n). The promotion operators were introduced in [47]
for the Young tableaux realization of the finite Uq(sln+1)-crystals B0(kΛℓ) (k ∈ N
∗,
1 ≤ ℓ ≤ n) and studied in numerous papers (see [2, 17, 44, 46, 47] and references
therein). It is the counterpart at the level of crystals of the cyclic symmetry of the
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Dynkin diagram of type A
(1)
n . After recalling these definitions, we extend the promotion
operators for the level 0 extremal fundamental weight crystals B(̟ℓ). Finally we specify
the promotion operator of B(̟ℓ) in its monomial realization Mℓ.
In the last part, we use promotion operators to obtain a new description of Mℓ. In
particular, we improve results given in [28] for these crystals. Furthermore we determine
the ℓ ∈ I0 for which the monomial crystals Mℓ are closed (Theorem 3.22): this is the
case if and only if ℓ = 1, r + 1 or n.
3.1. Monomial crystals. In this section we define the monomial crystal M of
Uq(sˆln+1) when n = 2r+1 is supposed to be odd, following [35, 42]. Monomial realiza-
tions of the crystals B(λ) with λ ∈ P , in particular of B(̟ℓ) (1 ≤ ℓ ≤ n), are studied
in [28, 35, 42]. They are obtained as subcrystals of M generated by a monomial. We
recall these results here. Finally we introduce new notions of q-closed monomial set
and of monomial set closed by the Kashiwara operators.
As we have said above, the definition of the monomial crystal M requires that the
considered Cartan matrix C is without odd cycle. So we assume that n = 2r+1 (r ≥ 1)
is odd until the end of the article. In particular there is a function s : I → {0, 1}, i 7→ si
such that Ci,j = −1 implies si + sj = 1.
Consider the subgroup M⊂ A defined by
M = {m ∈ A | ui,l(m) = 0 if l ≡ si + 1 mod 2}.
Following [35, 42], let us define wt :M→ P and εi, ϕi, pi, qi :M→ Z ∪ {∞} ∪ {−∞}
for i ∈ I by (m ∈ M)
wt(m) = ω(m),
ϕi,L(m) =
∑
l≤L
ui,l(m), ϕi(m) = max{ϕi,L(m)|L ∈ Z} ≥ 0,
εi,L(m) = −
∑
l≥L
ui,l(m), εi(m) = max{εi,L(m)|L ∈ Z} ≥ 0,
pi(m) = max{L ∈ Z|εi,L(m) = εi(m)}
= max
{
L ∈ Z
∣∣∣∣∣
∑
l<L
ui,l(m) = ϕi(m)
}
,
qi(m) = min{L ∈ Z|ϕi,L(m) = ϕi(m)}
= min
{
L ∈ Z
∣∣∣∣∣−
∑
l>L
ui,l(m) = εi(m)
}
.
Then we define e˜i, f˜i :M→M∪ {0} for i ∈ I by
e˜i ·m =
{
0 if εi(m) = 0,
mAi,pi(m)−1 if εi(m) > 0,
f˜i ·m =
{
0 if ϕi(m) = 0,
mA−1i,qi(m)+1 if ϕi(m) > 0.
Theorem 3.1. [35, 42] (M,wt, εi, ϕi, e˜i, f˜i) is a Uq(sˆln+1)–crystal, called the monomial
crystal.
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Remark 3.2. When n is even, the Dynkin diagram of type A
(1)
n is not bipartite. In
this case, (M,wt, εi, ϕi, e˜i, f˜i) does not satisfy the axioms of crystal (see [35]). Another
crystal structures are defined on (a subset of) A in [35]. But the monomials used are
different with those occurring in the theory of q–characters of Uq(sl
tor
n+1)-modules and it
is not useful for what we will do in the next sections.
For m ∈ M denote by M(m) the connected subcrystal of M generated by m. As it
is explained above, the weight of a monomial m′ ∈ M(m) is determined by ω(m) and
ui,l(m
′) (Remark 2.23). So we will omit the term eω(m
′) and we just specify the weight
of the monomial m. For J ⊂ I and m ∈ M, denote by MJ(m) the set of monomials
obtained from m by applying the Kashiwara operators e˜i, f˜i for i ∈ J . It is a connected
sub-J-crystal of M(m) generated by m.
For p ∈ Z and α ∈ Zδ, let τ2p,α be the map τ2p,α : M→M defined by
τ2p,α(e
λ
∏
Y
ui,n
i,n ) = e
λ+α
∏
Y
ui,n
i,n+2p.
This is a Pcl-crystal automorphism of the crystalM, also called shift automorphism in
the following.
The following result was proved in [35, 42] when m is a dominant monomial and is
generalized in [28] for all m ∈ M.
Theorem 3.3. For m ∈ M, the crystal M(m) is isomorphic to a connected component
of the crystal B(λ) of an extremal weight module for some λ ∈ P .
It was shown in [34] that the fundamental extremal crystals B(̟ℓ) are connected for
all ℓ ∈ I0. Let
dℓ = min(ℓ, n+ 1− ℓ)
be the distance between the nodes 0 and ℓ in the Dynkin diagram of type A
(1)
n . We
have the following monomial realization of B(̟ℓ).
Theorem 3.4. [28] Set M = e̟ℓYℓ,0Y
−1
0,dℓ
for ℓ ∈ I0. Then M is extremal in M and
M(M) ≃ B(̟ℓ) as P -crystals.
One can define in the same way the monomial crystal M0 associated to Uq(sln+1).
It can be done for all n ≥ 2, the Cartan matrix of type An being without cycle. As
it is said above, the weights of monomials are completely determined by the powers of
variables Y ±1i,l in this case. So they can be safely omitted. For m ∈ M0, we denote by
M0(m) the subcrystal of M0 generated by m. We have
Proposition 3.5. [35, 42] The Uq(sln+1)-crystals M0(Yi,k) and B0(Λi) are isomorphic
for all i ∈ I0 and k ∈ Z.
For i ∈ I, set Ξi :M→M the map sending the variables Y
±1
j,∗ , e
ν to 1 for all j 6= i
and ν ∈ P , and Y ±1i,∗ to themselves. Another map will be used below: Ξ
i : M → M
which sends the variables Y ±1j,∗ to themselves if j 6= i and Y
±1
i,∗ , e
ν to 1 for all ν ∈ P .
These two maps are also defined in [18] and denoted by β{i} and βIi respectively.
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Definition 3.6. (i) A set of monomials S ⊂M is said to be q-closed in the direc-
tion i (i ∈ I) if for all m ∈ S there exists a finite subset
Sm ⊂ S ∩
(
m ·
∏
l∈Z
AZi,l
)
containing m and a sequence (ns)s∈Sm of positive integers such that
Ξi
(∑
s∈Sm
ns · s
)
is the q–character of a representation of Uˆi.
(ii) A set of monomials S is said to be J-q-closed (J ⊂ I), or simply q-closed if
J = I, if S is q-closed in the direction i for all i ∈ J .
(iii) A set of monomials S ⊂ M is said to be J-closed by the Kashiwara operators
(J ⊂ I), or simply closed by the Kashiwara operators if J = I, if the operators
e˜i, f˜i preserve S for all i ∈ J .
(iv) A set of monomials S ⊂M which is J-q-closed and J-closed by the Kashiwara
operators (J ⊂ I), is called a J-closed set. If J = I, it is simply called a closed
monomial set.
Remark 3.7. (i) The definition of q-closed set is inspired by the theory of q–
characters and the Frenkel-Mukhin algorithm [18]. In particular, it involves
q-characters of Uq(sˆl2)
′-modules. Let us recall that in this case, the image
of χq : Rl,Z → Z[Y
±1
1,l ]l∈Z is known (see [20]): it is equal to the subring
Z[(Y1,l + Y
−1
1,l+2)]l∈Z of Z[Y
±1
1,l ]l∈Z generated by the Y1,l + Y
−1
1,l+2 (l ∈ Z).
(ii) The notion of q-closed set holds also for the monomial Uq(sln+1)-crystal M0.
Further it extends naturally when q is specialized at roots of unity, by using the
theory of q–characters at roots of unity [19].
Let V be an integrable Uq(sl
tor
n+1)-module such that for all ℓ-weight (ν, γ) of V , V(ν,γ)
is finite-dimensional and the roots of the associated polynomials Qi(z) and Ri(z) are
in qZ for all i ∈ I. Then the monomial set M(V ) is q-closed. Note that it is not
necessary that the Frenkel-Mukhin algorithm holds for V : for example it does not work
for the simple finite-dimensional Uq(sˆl3)
′-module V0(Y
2
1,0Y2,3) ≃ V0(Y1,0Y2,3)⊗ V0(Y1,0)
considered in [27], but M(V0(Y
2
1,0Y2,3)) is q-closed.
In general, M(V ) is not closed by the Kashiwara operators: for example the q–
character of the Uq(sˆl2)
′-module V0(Y1,2Y
2
1,0) contains the monomial Y1,0 but does not
contain Y −11,2 . However, it holds for the fundamental Uq(sˆln+1)
′-modules. In fact by
using the tableaux sum expressions of their q–characters given in [42], we have
Proposition 3.8. [42] Let V0(Yi,k) be a fundamental representation of Uq(sˆln+1)
′
(i ∈ I0, k ∈ Z). Then the monomial sets M0(Yi,k) and M(V0(Yi,k)) are equal.
In particular by Proposition 3.5, M(V0(Yi,k)) has a Uq(sln+1)-crystal structure iso-
morphic to B0(Λi). As a consequence we have
Corollary 3.9. For all 1 ≤ i ≤ n and k ∈ Z, the Uq(sln+1)-crystal M0(Yi,k) is closed.
Finally, let us give an example of monomial crystal which is not q-closed. Consider
the Uq(sl2)-crystal M0(Y1,4Y1,0)
Y1,4Y1,0 → Y
−1
1,6 Y1,0 → Y
−1
1,6 Y
−1
1,2 .
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IfM0(Y1,4Y1,0) is q-closed, it should contain M(V0(Y1,4Y1,0)). This is not the case, the
q-character of V0(Y1,4Y1,0) being
χq(V0(Y1,4Y1,0)) = Y1,4Y1,0 + Y
−1
1,6 Y1,0 + Y1,4Y
−1
1,2 + Y
−1
1,6 Y
−1
1,2 .
3.2. Description of the monomial crystalM(e̟ℓYℓ,0Y
−1
0,dℓ
). Assume that n = 2r+1
is odd with r ≥ 1. The monomial crystals M(e̟ℓYℓ,0Y
−1
0,dℓ
) are studied in [28, Section
4]: the monomials occurring in these crystals are explicitly described and the automor-
phisms zℓ are given in terms of monomials. We recall these results here.
To describe the monomial crystals M(e̟ℓYℓ,0Y
−1
0,dℓ
), we assume in this section that
ℓ ≤ r + 1 (as in [28]). Let us begin by explaining why we can do that. We need the
notion of twisted isomorphism of crystals (this definition appears in [2]).
Definition 3.10. Let B and B′ be crystals over two isomorphic Dynkin diagrams D and
D′ with vertices respectively indexed by I and I ′ and let θ : I → I ′ be an isomorphism
from D to D′. Then φ is a θ-twisted isomorphism if φ : B → B′ is a bijection map and
for all b ∈ B and i ∈ I,
f˜θ(i) · φ(b) = φ(f˜i · b) and e˜θ(i) · φ(b) = φ(e˜i · b).
Let ι be the automorphism of the Dynkin diagram of type A
(1)
n such that ι(k) = −k
(k ∈ I) where I is identified to the set Z/(n+ 1)Z. It defines an automorphism ιh of h
by sending hi, d to hι(i), d for all i ∈ I. Let ψ :M→M be the map defined by (r ∈ Q)
ψ
(
erδ
∏
(eΛiYi,n)
ui,n
)
= erδ
∏
(eΛ−iY−i,n)
ui,n .
Then we show easily that ψ is a ι-twisted automorphism of the P -crystal M. Further-
more it induces a ι-twisted isomorphism
ψ :M(e̟ℓYℓ,0Y
−1
0,ℓ ) −→M(e
̟n+1−ℓYn+1−ℓ,0Y
−1
0,ℓ )
between the monomial crystals M(e̟ℓYℓ,0Y
−1
0,ℓ ) and M(e
̟n+1−ℓYn+1−ℓ,0Y
−1
0,ℓ ) for all
1 ≤ ℓ ≤ r + 1.
So one can assume that 1 ≤ ℓ ≤ r + 1. In this case, dℓ = ℓ and we study the crystal
M(e̟ℓYℓ,0Y
−1
0,ℓ ) (see [28]). One defines the monomials
k p = Y
−1
k−1,p+kYk,p+k−1 for 1 ≤ k ≤ n+ 1, p ∈ Z.
with Yn+1,p = Y0,p by convention. By Remark 2.23, the terms e
ω(m′) can be safely
omitted for all m′ ∈ M(e̟ℓYℓ,0Y
−1
0,ℓ ). Set M0 = e
̟ℓYℓ,0Y
−1
0,ℓ and
Mj = Yℓ,2jY
−1
0,n−ℓ+1+2jY
−1
j,ℓ+jYj,n−ℓ+1+j
=
(
1 n−ℓ+2j 2 n−ℓ+2j−2 · · · j n−ℓ+2
)
×
(
j+1
ℓ−1
j+2
ℓ−3
· · · ℓ 1−ℓ+2j
)
=
j∏
p=1
p
n−ℓ−2p+2j+2
×
ℓ∏
p=j+1
p
ℓ+1−2p+2j
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with 0 ≤ j ≤ ℓ. In particular, Mℓ = Yℓ,n+1Y
−1
0,n+1+ℓ = τn+1,−ℓδ(M0) and M1 =
τ2,−δ(M0) for ℓ = r + 1. One defines other monomials in the following way: for j ∈ Z
and a Young tableau of shape (ℓ) T = (1 ≤ i1 < i2 < · · · < iℓ ≤ n+ 1) we set
(3) mT ;j =
j∏
p=1
ip
n−ℓ−2p+2j+2
×
ℓ∏
p=j+1
ip
ℓ+1−2p+2j
for 0 ≤ j ≤ ℓ− 1,
and mT ;j+ℓ = τn+1,−ℓδ(mT ;j). Note that Mj = mT ;j with T = (1, 2, . . . , ℓ).
By Theorem 3.4, M(M0) and B(̟ℓ) are isomorphic as P -crystals. Furthermore
Proposition 3.11. [28]
(i) MI0(Mj) consists of mT ;j for various sequences T .
(ii) We have the equality of I0-crystals
(4) M(e̟ℓYℓ,0Y
−1
0,dℓ
) =
⊔
k∈Z
(τn+1,−ℓδ)
k

ℓ−1⊔
j=0
MI0(Mj)

 .
(iii) The map σ : M(e̟ℓYℓ,0Y
−1
0,dℓ
) →M(e̟ℓYℓ,0Y
−1
0,dℓ
) defined by σ(mT ;j) = mT ;j+1
is a Pcl-crystal automorphism equal to z
−1
ℓ .
(iv) The Kashiwara operators e˜i, f˜i are described in terms of tableaux: for i 6= 0 we
have e˜i ·mT ;j = mT ′;j or 0. Here T
′ is obtained from T by replacing i+ 1 by i.
If it is not possible (i.e. when we have both i+1 and i in T or when i+1 does
not occur in T ), then it is zero. Similarly f˜i ·mT ;j = mT ′′;j or 0, where T
′′ is
given by replacing i by i+ 1. For the action of e˜0, f˜0, we have
e˜0 ·mT ;j =
{
0 if i1 6= 1 or iℓ = n+ 1,
m(i2,...,iℓ,n+1);j−1 if i1 = 1 and iℓ 6= n+ 1,
f˜0 ·mT ;j =
{
0 if i1 = 1 or iℓ 6= n+ 1,
m(1,i1,...,iℓ−1);j+1 if i1 6= 1 and iℓ = n+ 1.
Proposition 3.12. There is a bijection given by Ξ0 between MI0(M0) and M(V ),
where V = V0(Ξ
0(M0)) is the fundamental representation of Uq(sˆln+1)
′ associated to
Yℓ,0. In particular the monomial crystal MI0(M0) is I0-closed.
Proof. By the previous description, MI0(M0) consists of the monomials mT ;0 for var-
ious sequences T . By applying the map Ξ0, they are sent to the monomials mT =∏ℓ
p=1 ip ℓ+1−2p
with T = (1 ≤ i1 < · · · < iℓ ≤ n + 1) and where we set 1 p = Y1,p
and n+1
p
= Y −1n,p+n+1 for all p ∈ Z. They are exactly the monomials occurring in the
tableaux sum expressions of q-characters of fundamental modules of Uq(sˆln+1)
′ (see
[42]). So the image of MI0(M0) by Ξ
0 is equal to M(V0(Yℓ,0)). Further this set is
I0-q-closed by definition, and MI0(M0) is also I0-closed 
Now let us consider the monomial crystal M(e̟ℓYℓ,0Y
−1
0,dℓ
) with 1 ≤ ℓ ≤ n. We
determine in the next proposition when zℓ has the particular form of a shift.
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Proposition 3.13. The automorphism zℓ of M(e
̟ℓYℓ,0Y
−1
0,dℓ
) has the special form of
a shift τp,α (p ∈ Z, α ∈ Zδ) if and only if ℓ = 1, n or ℓ = r + 1. Moreover, we have
z1 = zn = τ−n−1,δ and zr+1 = τ−2,δ.
Proof. Assume that ℓ ≤ r+1. We have seen that zℓ = σ
−1. So it suffices to determine
when σ is a shift. We have the equality σℓ = τn+1,−ℓδ. Hence if ℓ = 1, σ = τn+1,−δ
is a shift. Assume that ℓ = r + 1. In this case, M1 = τ2,−δ(M0) = σ(M0). As the
crystal M(M0) is connected and σ and τ2,−δ are automorphisms of crystals, we have
σ = τ2,−δ. For the other cases, σ is explicitly known and is not a shift. As ψ and shift
automorphisms commute, the result follows for ℓ > r + 1. 
3.3. Affinized promotion operators and monomial crystalsM(e̟ℓYℓ,0Y
−1
0,dℓ
). In
this section, we introduce promotion operators for the level 0 extremal fundamental
weight crystals. We describe them in the monomial realizations of B(̟ℓ) (1 ≤ ℓ ≤ n).
Let us begin by some definitions and properties about the promotion operators (see
[2, 17, 46, 47] and references therein for more details). In type An, the highest weight
crystal B0(λ) of highest weight λ ∈ P
+
0 can be realized by the semi-standard Young
tableaux of shape (λ). The weight function wt is defined by the content of tableaux,
i.e. wt(T ) := (w1(T ), . . . , wn+1(T )) where wi(T ) is the number of letters i occurring
in the tableau T . It can be viewed as an element of P0 in the following way: set
ǫi = Λi − Λi−1 for 2 ≤ i ≤ n, ǫ1 = Λ1 and ǫn+1 = −ǫ1 − · · · − ǫn. In particular,
αi = ǫi− ǫi+1, Λi = ǫ1+ · · ·+ ǫi (1 ≤ i ≤ n), and we have P = Zǫ1+ · · ·+Zǫn+1. Then
wt(T ) corresponds to the element
w1(T )ǫ1 + · · ·+ wn+1(T )ǫn+1 ∈ P0
for all Young tableau T .
Definition 3.14. Let B0 = B0(λ) be a highest weight Uq(sln+1)-crystal of highest weight
λ ∈ P+0 . A promotion operator pr on B0 is an operator pr : B0 → B0 such that
(i) pr shifts the content: if wt(T ) = (w1, . . . , wn+1) is the content of T ∈ B0, then
wt(pr(T )) = (wn+1, w1, . . . , wn),
(ii) promotion operator has order n+ 1 : prn+1 = id,
(iii) pr ◦ e˜i = e˜i+1 ◦ pr and pr ◦ f˜i = f˜i+1 ◦ pr for i ∈ {1, 2, . . . , n− 1}.
Given a promotion operator pr on a highest weight Uq(sln+1)-crystal B0(λ) (λ ∈ P
+
0 ),
one defines an associated affine Pcl-crystal by setting
e˜0 := pr
−1 ◦ e˜1 ◦ pr and f˜0 := pr
−1 ◦ f˜1 ◦ pr.
We denote the Pcl-crystal hence obtained by B0(λ)
′
aff .
It was shown in [47] that the Uq(sln+1)-crystal B0(λ) (λ ∈ P0) has a unique promotion
operator pr when λ is rectangular (i.e. of the form kΛℓ with ℓ ∈ I0 and k ∈ N
∗),
given by the Schu¨tzenberger jeu-de-taquin process. Furthermore the affine Pcl-crystal
B0(kΛℓ)
′
aff obtained by using the promotion operator pr is isomorphic to the crystal
basis of a Kirillov-Reshetikhin module associated to ℓ ∈ I0, k ∈ N
∗ (for a special choice
of the spectral parameter a ∈ C∗ - see [31]).
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From the affine Pcl-crystal B0(kΛℓ)
′
aff , let us consider its affinization B0(kΛℓ)aff (see
also [34]): this is the P -crystal with vertices in {zsT |s ∈ Z, T ∈ B0(kΛℓ)
′
aff} such that
for all s ∈ Z and T ∈ B0(kΛℓ)
′
aff ,
wt(zsT ) = wt(T ) + sδ, e˜i · z
sT = zs+δi,0(e˜i · T ), f˜i · z
sT = zs−δi,0(f˜i · T ).
Assume in the following that ℓ ≤ r + 1 (the case ℓ > r + 1 is studied at the end of
this section). We introduce the affinized promotion operator on B0(kΛℓ)aff .
Definition 3.15. Let us consider the crystal of finite type B0(kΛℓ) (with k ∈ N and ℓ ≤
r+1), pr its associated promotion operator and B0(kΛℓ)aff its affinization. The affinized
promotion operator on B0(kΛℓ)aff is the operator praff : B0(kΛℓ)aff → B0(kΛℓ)aff such
that for all T ∈ B0(kΛℓ)
′
aff and s ∈ Z,
praff(z
sT ) = zs−wn+1(T )pr(T ).
One checks easily the following statements.
Lemma 3.16. The affinized promotion operator praff of B0(kΛℓ)aff shifts the content.
It satisfies
praff ◦ e˜i = e˜i+1 ◦ praff and praff ◦ f˜i = f˜i+1 ◦ praff
for i ∈ {0, 1, . . . , n} (where e˜n+1, f˜n+1 are understood to be e˜0, f˜0 respectively). It has
infinite order, the weight of prn+1aff being −kℓδ.
Recall that one has defined an automorphism θ of the Dynkin diagram of type
A
(1)
n corresponding to a rotation such that θ(i) = i + 1 (i ∈ I). Then by the above
Lemma, praff is a θ-twisted automorphism of B0(kΛℓ)aff . Furthermore as the P -
crystals B(̟ℓ) and B0(Λℓ)aff are isomorphic (see [34]), the affinized promotion operator
praff : B0(Λℓ)aff → B0(Λℓ)aff induces a θ-twisted automorphism of the level 0 funda-
mental extremal weight crystal B(̟ℓ) (ℓ ≤ r + 1). We call it promotion operator of
B(̟ℓ), also denoted by praff .
We want to describe the promotion operators of the crystals B(̟ℓ) in the monomial
realizations when ℓ ≤ r + 1. To do that, let φ :M(e̟ℓYℓ,0Y
−1
0,ℓ ) →M(e
̟ℓYℓ,0Y
−1
0,ℓ ) be
the map such that
φ
(∏
Y
ui,l
i,l
)
=
∏
Y
ui,l
i+1,l+1,
the terms eν being safely omitted in the definition by Remark 2.23. Denote by
ϕ : B(̟ℓ) ≃ B0(Λℓ)aff →M(e
̟ℓYℓ,0Y
−1
0,ℓ )
the isomorphism of P -crystals between B0(Λℓ)aff and M(e
̟ℓYℓ,0Y
−1
0,ℓ ). It is explicitly
given by
ϕ : zsT ∈ B0(Λℓ)aff 7→ mT ;−s ∈ M(e
̟ℓYℓ,0Y
−1
0,ℓ ) (s ∈ Z, T ∈ B0(Λℓ)).
The following result relates the map φ : M(e̟ℓYℓ,0Y
−1
0,ℓ ) → M(e
̟ℓYℓ,0Y
−1
0,ℓ ) to the
promotion operator praff of B(̟ℓ) introduced above.
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Proposition 3.17. Assume that ℓ ≤ r + 1. The following diagram commutes
B(̟ℓ)
ϕ
//
praff

M(e̟ℓYℓ,0Y
−1
0,ℓ )
φ

B(̟ℓ)
ϕ
//M(e̟ℓYℓ,0Y
−1
0,ℓ )
Proof. For 1 ≤ k ≤ n+ 1 and p ∈ Z, we have
φ( k p) = φ(Y
−1
k−1,p+kYk,p+k−1) = Y
−1
k,p+k+1Yk+1,p+k
=
{
k+1
p
if k ≤ n,
1 p+n+1 if k = n+ 1.
Fix j ∈ Z and T = (1 ≤ i1 < i2 < · · · < iℓ ≤ n + 1) a Young tableau of shape (Λℓ). If
iℓ 6= n+ 1, we have
φ(mT ;j) = φ

 j∏
p=1
ip
n−ℓ−2p+2j+2
×
ℓ∏
p=j+1
ip
ℓ+1−2p+2j


=
j∏
p=1
ip+1
n−ℓ−2p+2j+2
×
ℓ∏
p=j+1
ip+1
ℓ+1−2p+2j
= mpr(T );j = ϕ(praff(z
−jT )).
Assume that iℓ = n+ 1. Then
φ(mT ;j) =
j∏
p=1
ip+1
n−ℓ−2p+2j+2
×
ℓ−1∏
p=j+1
ip+1
ℓ+1−2p+2j
× 1 n−ℓ+2j+2
=
j+1∏
p=2
ip−1+1
n−ℓ−2p+2(j+1)+2
×
ℓ∏
p=j+2
ip−1+1
ℓ+1−2p+2(j+1)
× 1 n−ℓ+2(j+1)
= mpr(T );j+1 = φ(z
−j−1pr(T )) = ϕ(praff(z
−jT )).

Remark 3.18. It follows in particular that φ is a θ-twisted automorphism ofM(e̟ℓYℓ,0Y
−1
0,ℓ ),
since B(̟ℓ) and M(e
̟ℓYℓ,0Y
−1
0,ℓ ) are connected and praff is a θ-twisted automorphism.
The case ℓ ≥ r + 1 is similar to the previous one. The affinized promotion operator
of B0(kΛℓ)aff (k ∈ N
∗) is the operator
p˜raff : B0(kΛℓ)aff −→ B0(kΛℓ)aff
such that for all T ∈ B0(kΛℓ)aff and s ∈ Z,
p˜raff(z
sT ) = zs+k−wn+1(T )pr(T ).
QUANTUM EXTREMAL LOOP WEIGHT MODULES AND MONOMIAL CRYSTALS 23
Note that the definition of the affinized promotion operator is different to the one when
ℓ ≤ r + 1. This provides to the automorphism ιh of h.
Let us consider the map ψ ◦φ ◦ψ−1 :M(e̟ℓYℓ,0Y
−1
0,n+1−ℓ)→M(e
̟ℓYℓ,0Y
−1
0,n+1−ℓ). It
is a θ−1-twisted automorphism of M(e̟ℓYℓ,0Y
−1
0,n+1−ℓ) such that
ψ ◦ φ ◦ ψ−1
(∏
Y
ui,l
i,l
)
=
∏
Y
ui,l
i−1,l+1.
It can be related to the promotion operator p˜raff of B0(kΛℓ)aff : one can check that
ψ ◦ φ ◦ ψ−1 = p˜r−1aff .
3.4. Application of promotion operators to the study of M(e̟ℓYℓ,0Y
−1
0,dℓ
). In
this section, we use promotion operators to obtain a new description ofM(e̟ℓYℓ,0Y
−1
0,dℓ
),
improving results given in [28]. Moreover, we determine the ℓ for which the crystals
M(e̟ℓYℓ,0Y
−1
0,dℓ
) are closed.
Assume first that ℓ ≤ r + 1 (where n = 2r + 1 is still supposed to be odd). Let
us begin by the following remarks. The monomials φj(Yℓ,0Y
−1
0,ℓ ) = Yℓ+j,jY
−1
j,ℓ+j will
have a particular importance in the construction of extremal fundamental loop weight
modules. One can give them in terms of Young tableaux, thanks to the θ-twisted
automorphism φ of M:
• if j is such that ℓ + j ≤ n + 1, Yℓ+j,jY
−1
j,ℓ+j ∈ MI0(M0) and is equal to mT ;0
with T = (j + 1, j + 2, . . . , j + ℓ),
• if 1 ≤ j ≤ ℓ − 1, then Yj,n−ℓ+j+1Y
−1
n−ℓ+j+1,n+j+1 ∈ MI0(Mj) and is equal to
mT ;j with T = (1, 2, . . . , j, n − ℓ+ j + 2, . . . , n+ 1).
We will have to consider the finite sub-Ij-crystals of M(e
̟ℓYℓ,0Y
−1
0,ℓ )
MIj(Yℓ+j,j+k(n+1)Y
−1
j,ℓ+j+k(n+1))
for j ∈ I and k ∈ Z: this is the sub-Ij-crystal of M(e
̟ℓYℓ,0Y
−1
0,ℓ ) generated by the
monomial Yℓ+j,j+k(n+1)Y
−1
j,ℓ+j+k(n+1). Note that one of these crystals can be obtained
from another one by application of powers of φ.
Proposition 3.19. Let ℓ ≤ r + 1. We have the equality of sets
M(e̟ℓYℓ,0Y
−1
0,ℓ ) =
⋃
k∈Z
(τn+1,−ℓδ)
k

 n⋃
j=0
MIj(Yℓ+j,jY
−1
j,ℓ+j)

 .
Proof. As Yℓ+j,jY
−1
j,ℓ+j ∈ M(e
̟ℓYℓ,0Y
−1
0,ℓ ) for all 0 ≤ j ≤ n and M(e
̟ℓYℓ,0Y
−1
0,ℓ ) is
connected,
n⋃
j=0
MIj(Yℓ+j,jY
−1
j,ℓ+j) ⊂M(e
̟ℓYℓ,0Y
−1
0,ℓ )
as sets.
Let us fix m ∈ M(e̟ℓYℓ,0Y
−1
0,ℓ ). The monomial m is of the form mT ;j with
T = (1 ≤ i1 < i2 < . . . < iℓ ≤ n + 1) and j ∈ Z. By application of the shift
automorphism, one can assume that 0 ≤ j ≤ ℓ − 1. So we have to show that
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mT ;j ∈
⋃n
j=0MIj (Yℓ+j,jY
−1
j,ℓ+j). If j = 0, we have mT ;0 ∈ MI0(Yℓ,0Y
−1
0,ℓ ). Assume that
1 ≤ j ≤ ℓ− 1 and set s = ij+1 − 1. Then T = (i1 < · · · < ij < s+ 1 < ij+2 < · · · < iℓ)
and by application of the Kashiwara operators e˜1, . . . , e˜s−1, e˜s+2, . . . , e˜n on mT ;j, we
show that
mT ;j ∈ MIs(mT ′;j) with T
′ = (1 < · · · < j < s+ 1 < · · · < s+ ℓ− j).
By applying e˜1, . . . , e˜j−1, e˜s+ℓ−j+1, . . . , e˜n and e˜0 on mT ′;j, it is sent on
mT ′′;0 with T
′′ = (s+ 1 < · · · < s+ ℓ) if s+ ℓ ≤ n+ 1,
and on
mT ′′;u with u = s+ ℓ− n− 1, T
′′ = (1 < · · · < u < s+ 1 < · · · < n+ 1) otherwise.
Furthermore mT ′′;u = φ
s(Yℓ,0Y
−1
0,ℓ ) = Yℓ+s,sY
−1
s,ℓ+s by the above remark and mT ;j is also
contained in MIs(Yℓ+s,sY
−1
s,ℓ+s). 
Remark 3.20. One of the questions treated in [28, Section 4] is to give an explicit
description of monomials occurring inM(e̟ℓYℓ,0Y
−1
0,ℓ ) (ℓ ≤ r+1). Actually by the shift
automorphism and the description given in [28], all the monomials in M(e̟ℓYℓ,0Y
−1
0,ℓ )
can be obtained from the monomials occurring in
⊔ℓ−1
j=0MI0(Mj) (see (4)). So this
description requires to know
[
ℓ ·
(
n+ 1
ℓ
)]
monomials to obtain all the other ones.
The preceding proposition improves this result. In fact to determine all the vertices
of M(e̟ℓYℓ,0Y
−1
0,ℓ ), it suffices to know the monomials occurring in the I{0,1}-crystal
MI{0,1}(Yℓ,0Y
−1
0,ℓ ) and to apply φ. Further a monomial mT ′;0 ∈ MI{0,1}(Yℓ,0Y
−1
0,ℓ ) is
such that T ′ has the form T ′ = (1 < i2 < · · · < iℓ). So by the above proposition, only(
n
ℓ− 1
)
monomials are sufficient to determine all the vertices of M(e̟ℓYℓ,0Y
−1
0,ℓ ).
The following lemma will be useful in the following.
Lemma 3.21. Assume that ℓ = 1 or ℓ = r+1 and set p = n+1 or p = 2 respectively.
We have the equality of Ij-crystals (0 ≤ j ≤ n)
(5) M(e̟ℓYℓ,0Y
−1
0,ℓ ) =
⊔
k∈Z
(τp,−δ)
k
(
MIj (Yℓ+j,jY
−1
j,ℓ+j)
)
Proof. By Proposition 3.13, the automorphism zℓ has the special form of a shift in the
considered cases. Further we know that (τ−p,δ)
ℓ = τ−n−1,ℓδ. Using (4), we obtain
M(e̟ℓYℓ,0Y
−1
0,ℓ ) =
⊔
k∈Z
(τp,−δ)
kℓ

ℓ−1⊔
j=0
(τp,−δ)
j (MI0(M0))

 .
As τp,−δ and φ commute, (5) follows. 
Similar equalities of crystals can be given for ℓ ≥ r+1, by using the automorphism ψ.
Now we are able to determine the ℓ ∈ I0 for which the monomial crystalM(e
̟ℓYℓ,0Y
−1
0,dℓ
)
is closed.
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Theorem 3.22. The monomial crystal M(e̟ℓYℓ,0Y
−1
0,dℓ
) is closed if and only if ℓ =
1, r + 1 or n.
Proof. Let us begin by the case ℓ ≤ r + 1. Assume that the crystal M(e̟ℓYℓ,0Y
−1
0,ℓ ) is
q-closed for 2 ≤ ℓ ≤ r. Consider the monomial
Mj = Yℓ,2jY
−1
0,n−ℓ+1+2jY
−1
j,ℓ+jYj,n−ℓ+1+j ∈ M(e
̟ℓYℓ,0Y
−1
0,ℓ )
with j 6= 0. We have Ξj(Mj) = Y
−1
j,ℓ+jYj,n−ℓ+1+j. By Definition 3.6, there exists a
subset
SMj ⊂M(e
̟ℓYℓ,0Y
−1
0,ℓ ) ∩
(
Mj ·
∏
l∈Z
AZj,l
)
containing Mj such that its image Ξj
(
SMj
)
by Ξj is the set of ℓ-weights of a represen-
tation of Uˆj . By the theory of q–characters of Uˆj-modules, we should have
Y −1j,ℓ+jYj,n−ℓ+1+jΞj (Aj,ℓ+j−1) ∈ Ξj
(
SMj
)
.
Furthermore, the map Ξj is injective when it is restricted on the set of monomials
Mj ·
(∏
l∈ZA
Z
j,l
)
: indeed we have for all monomial Mj ·
(∏
l∈ZA
uj,l
j,l
)
,
Ξj
(
Mj ·
∏
l∈Z
A
uj,l
j,l
)
= Ξj(Mj) ·
∏
l∈Z
Ξj(A
uj,l
j,l ) = Ξj(Mj) ·
∏
l∈Z
τ{j}(A
uj,l
j,l )
where τ{j} is the map defined in [18, Definition 3.2] (the second equality is a consequence
of [18, Lemma 3.5]). The injectivity is a consequence of the injectivity of τ{j} (see [18,
Lemma 3.3]).
So the monomial
m =Mj ·Aj,ℓ+j−1 = Yℓ,2jY
−1
0,n−ℓ+1+2jYj,ℓ+j−2Y
−1
j−1,ℓ+j−1Y
−1
j+1,ℓ+j−1Yj,n−ℓ+1+j
should occur in M(e̟ℓYℓ,0Y
−1
0,ℓ ). But this is not the case, m being not of the form (3).
Hence M(e̟ℓYℓ,0Y
−1
0,ℓ ) is not q-closed when 2 ≤ ℓ ≤ r.
Now assume that ℓ = 1 or ℓ = r+1. In this case, zℓ = τ−p,δ with p = n+1 or p = 2
respectively and by the above lemma
M(e̟ℓYℓ,0Y
−1
0,ℓ ) =
⊔
k∈Z
(τp,−δ)
k
(
MIj (Yℓ+j,jY
−1
j,ℓ+j)
)
as Ij-crystals (0 ≤ j ≤ n). By Proposition 3.12, the finite crystalMI0(M0) is I0-closed.
As the Ij-crystals MIj(Yℓ+j,jY
−1
j,ℓ+j) can be obtained from MI0(M0) by application of
powers of φ, they are also Ij-closed for all 0 ≤ j ≤ n. Then by the above equalities
M(e̟ℓYℓ,0Y
−1
0,ℓ ) is closed.
Finally, the result follows for all the ℓ ∈ I0 by using the ι-twisted automorphism ψ
(which preserves the notion of q–closed monomial set). 
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4. Extremal fundamental loop weight modules for Uq(sl
tor
n+1) when
M(e̟ℓYℓ,0Y
−1
0,dℓ
) is closed
Assume that n = 2r+1 (r ≥ 1) is odd andMℓ =M(e
̟ℓYℓ,0Y
−1
0,dℓ
) is closed (it holds if
and only if ℓ = 1, r+1 or n). In this section, we relate the monomial Uq(sˆln+1)-crystals
Mℓ with integrable representations of Uq(sl
tor
n+1).
In the first part, we construct a new infinite family of representations Vℓ of Uq(sl
tor
n+1)
(Theorem 4.1). We call these representations the extremal fundamental loop weight
modules. Let us give the outline of this construction: consider the vector space Vℓ
freely generated by the monomials occurring in Mℓ. For all 0 ≤ j ≤ n, we define an
action of Uv,jq (sltorn+1) on it, denoted by V
(j)
ℓ , such that
V
(j)
ℓ =
⊕
k∈Z
V
(j)
k
where V
(j)
k is a subvector space endowed with a structure of a simple ℓ-highest weight
Uv,jq (sltorn+1)-module. We show that it defines a Uq(sl
tor
n+1)-module structure in this way
on Vℓ, the compatibility between the action of various vertical subalgebras being a con-
sequence of the existence of promotion operators on Mℓ. Furthermore the q–character
of Vℓ is the sum of monomials occurring in Mℓ with multiplicity one.
In the second part, we study these representations: we show that Vℓ is irreducible
and it is an extremal loop weight module, generated by an extremal vector of ℓ-weight
e̟ℓYℓ,0Y
−1
0,dℓ
. Furthermore explicit formulas are given for the action of Uq(sl
tor
n+1) on
Vℓ. It is remarkable that these formulas are expressed only from the associated mono-
mial crystal and are “universal” in the following sense: the action on all the extremal
fundamental loop weight modules Vℓ is completely determined by these formulas and
by the data of the corresponding monomial crystals Mℓ. This sheds new light on the
link between monomial crystals and the theory of q–characters already expected in
[28]. All these sentences hold for the fundamental ℓ-highest weight modules V0(Yℓ,0) of
Uq(sˆln+1)
′ with the corresponding monomial crystals M0(Yℓ,0).
In the third part, we specialize q at a root of unity ǫ. We obtain new irreducible
finite-dimensional representations of the quantum toroidal algebra Uǫ(sl
tor
n+1)
′.
4.1. Construction of the extremal fundamental loop weight modules. Let us
begin by the main result of this section.
Theorem 4.1. Assume that n = 2r+1 is odd and ℓ = 1, r+1 or n. There exists a thin
representation of Uq(sl
tor
n+1) whose q–character is the sum of all monomials occurring in
M(e̟ℓYℓ,0Y
−1
0,dℓ
) with multiplicity one. It is denoted by Vℓ = V (e
̟ℓYℓ,0Y
−1
0,dℓ
) and called
the extremal fundamental loop weight module of ℓ-weight e̟ℓYℓ,0Y
−1
0,dℓ
.
To construct these representations, let us start with results about the fundamental
modules V0(Yℓ,k) of Uq(sˆln+1)
′ (n ∈ N∗, 1 ≤ ℓ ≤ n, k ∈ Z). As it is said above, it is
isomorphic to the fundamental highest weight Uq(sln+1)-module V0(Λℓ). So we begin
by recalling some well-known facts about V0(Λℓ) which will be useful.
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Lemma 4.2. All the weight spaces of the fundamental highest weight Uq(sln+1)-module
V0(Λℓ) (1 ≤ ℓ ≤ n) are of dimension 1. Furthermore the Weyl group of finite type W0
acts transitively on wt(V0(Λℓ)).
Proposition 4.3. Let V0(Yℓ,k) be a fundamental module of Uq(sˆln+1)
′ (ℓ ∈ I0, k ∈ Z).
Then V0(Yℓ,k) is a thin Uq(sˆln+1)
′-module which admits a basis (vm) indexed by the
vertices of the monomial crystal M0(Yℓ,k), such that for all m ∈ M0(Yℓ,k) and i ∈ I0,
vm is of ℓ-weight m and
x+i,0 · vm = ve˜i·m, x
−
i,0 · vm = vf˜i·m
where v0 = 0 by convention.
Proof. It is known that Res(V0(Yℓ,k)) is the fundamental highest weight Uq(sln+1)-
module V0(Λℓ). By the preceding Lemma, its weight spaces are all of dimension one. In
particular its ℓ-weight spaces are also of dimension one and V0(Yℓ,k) is a thin Uq(sˆln+1)
′-
module.
Furthermore Res(V0(Yℓ,k)) is the extremal weight module of extremal weight Λℓ,
generated by an extremal vector v of weight Λℓ. Hence, there exists {vw}w∈W0 such
that vId = v and
x±i,0 · vw = 0 and (x
∓
i,0)
(±w(Λℓ)(hi)) · vw = vsi(w) if ± w(Λℓ)(hi) ≥ 0.
By the above lemma for all ν ∈ wt(Res(V0(Yℓ,k))), there exists w such that ν = w(Λℓ).
Then the corresponding vector vw is non zero of weight ν. As all the weight spaces of
V0(Yℓ,k) are of dimension one, {vw}w∈W0 generates V0(Yℓ,k) as a vector space. Further-
more for all w,w′ ∈W0,
w(Λℓ) = w
′(Λℓ)⇔ vw = vw′ .
In fact, we have (see [6, Ch. V.3.3, Proposition 2])
w(Λℓ) = w
′(Λℓ)⇔ w
−1w′(Λℓ) = Λℓ ⇔ w
−1w′ ∈ 〈si, i ∈ I0 − {ℓ}〉
⇔ w′ ∈ w · 〈si, i ∈ I0 − {ℓ}〉.
Fix an ℓ-weight m ∈ M(V0(Yℓ,k)) = M0(Yℓ,k). By that we have said above, one
can define vm as the unique vector vw (w ∈ W0) such that w(Λℓ) = wt(m). Then
{vm|m ∈M0(Yℓ,k)} is a basis of V0(Yℓ,k). Furthermore as the weight subspaces and the
ℓ-weight subspaces of V0(Yℓ,k) coincide and are of dimension one, vm is also an ℓ-weight
vector of ℓ-weight m for all m ∈ M0(Yℓ,k).
We determine the action of Uhq (sˆln+1) on this basis. Fix m ∈ MI0(Yℓ,k). For all
i ∈ I0, we have wt(m)(hi) = 0,±1. Assume that wt(m)(hi) = 0. Then on the one hand
x±i,0 ·vm = 0 by definition of the family {vw}w∈W0 . And on the other hand e˜i ·m = 0 and
f˜i ·m = 0 by the description of the crystal M0(Yℓ,k) recalled above. Now assume that
wt(m)(hi) = ±1. The vector Si(vm) = x
∓
i,0 · vm is of the form vm′ with m
′ ∈ M0(Yℓ,k)
such that
wt(m′) = si(wt(m)) = wt(m)∓ αi.
But the description of M0(Yℓ,k) shows that the unique monomial of weight wt(m)∓αi
is f˜i ·m (resp. e˜i ·m). Hence m
′ is equal to f˜i ·m (resp. e˜i ·m). Finally we have shown
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that for all i ∈ I0 and m ∈M0(Yℓ,k),
x+i,0 · vm = ve˜i·m and x
−
i,0 · vm = vf˜i·m.

In particular, the action of Uq(sˆln+1)
′ on the fundamental modules V0(Yℓ,k) is de-
termined by the combinatorics of monomial crystals M0(Yℓ,k): in fact, the action of
operators x±i,r (1 ≤ i ≤ n, r ∈ Z) deduces from the action of the x
±
i,0 (given byM0(Yℓ,k))
and the action of hi,r (given by the ℓ-weights m ∈M0(Yℓ,k)) from (1).
Let us begin the construction of extremal fundamental loop weight modules. Assume
that n = 2r + 1 is odd and ℓ ≤ r + 1 (the case ℓ > r + 1 is discussed below at Remark
4.5). Consider the monomial Uq(sˆln+1)-crystal M(e
̟ℓYℓ,0Y
−1
0,ℓ ), supposed to be closed.
This is the case if and only if ℓ = 1 or ℓ = r+1 (Theorem 3.22). Set p = n+1 or p = 2
respectively.
Denote by E (resp. Ej,k for 0 ≤ j ≤ n and k ∈ Z) the set of monomials occurring in
M(e̟ℓYℓ,0Y
−1
0,ℓ ) (resp. in (τp,−δ)
k
(
MIj (Yℓ+j,jY
−1
j,ℓ+j)
)
=MIj (Yℓ+j,j+kpY
−1
j,ℓ+j+kp)). By
(5), one has E =
⊔
k∈Z Ej,k for all 0 ≤ j ≤ n.
Let
(6) V (e̟ℓYℓ,0Y
−1
0,ℓ ) =
⊕
m∈E
Cvm
be the vector space freely generated by elements of E . For all 0 ≤ j ≤ n and k ∈ Z
set V
(j)
k =
⊕
m∈Ej,k
Cvm the subspace of V (e
̟ℓYℓ,0Y
−1
0,ℓ ) of dimension dim(V0(Λℓ)). In
particular, we have
V (e̟ℓYℓ,0Y
−1
0,ℓ ) =
⊕
k∈Z
V
(j)
k .
This decomposition can be compared to the equalities of crystals (5).
We endow the vector space V (e̟ℓYℓ,0Y
−1
0,ℓ ) with a structure of U
v,j
q (sltorn+1)-module
as follows (0 ≤ j ≤ n): for all k ∈ Z, let (vm) be the basis of the U
v,j
q (sltorn+1)-module
V0(Yℓ,j+kp)
(j) defined in Proposition 4.3, indexed by the set of monomials
Ξj
(
MIj(Yℓ+j,j+kpY
−1
j,ℓ+j+kp)
)
=
{
Ξj(m)|m ∈ MIj(Yℓ+j,j+kpY
−1
j,ℓ+j+kp)
}
.
Let us define an isomorphism of vector spaces between V
(j)
k and V0(Yℓ,j+kp)
(j) by
V
(j)
k −→ V0(Yℓ,j+kp)
(j)
vm 7→ vΞj(m)
We endow the vector space V
(j)
k with a structure of U
v,j
q (sltorn+1)-module by pulling
back the action of Uv,jq (sltorn+1) on V0(Yℓ,j+kp)
(j). By direct sum, V (e̟ℓYℓ,0Y
−1
0,ℓ ) is a
Uv,jq (sltorn+1)-module, denoted by V (e
̟ℓYℓ,0Y
−1
0,ℓ )
(j).
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Proposition 4.4. There exists a structure of Uq(sl
tor
n+1)-module on V (e
̟ℓYℓ,0Y
−1
0,ℓ ) such
that for all j ∈ I the induced Uv,jq (sltorn+1)-module is isomorphic to V (e
̟ℓYℓ,0Y
−1
0,ℓ )
(j).
Furthermore the q–character of V (e̟ℓYℓ,0Y
−1
0,ℓ ) is
χq(V (e
̟ℓYℓ,0Y
−1
0,ℓ )) =
∑
m∈E
m,
where E is the set of the monomials occurring in M(e̟ℓYℓ,0Y
−1
0,ℓ ).
Proof. To define an action of Uq(sl
tor
n+1) on V (e
̟ℓYℓ,0Y
−1
0,ℓ ), we determine the action of
the subalgebras Uˆi for all i ∈ I. For that, let j ∈ I be such that j 6= i. The action of
Uˆi on V (e
̟ℓYℓ,0Y
−1
0,ℓ ) is the restriction of the action of U
v,j
q (sltorn+1) on V (e
̟ℓYℓ,0Y
−1
0,ℓ )
(j).
Furthermore we set for all h ∈ h and m ∈ M(e̟ℓYℓ,0Y
−1
0,ℓ ),
kh · vm = q
wt(m)(h)vm.
The definition of the action of Uˆi (i ∈ I) is independent of the choice of j ∈ I,
j 6= i: for m ∈ E , the action of Uv,jq (sltorn+1) on the vector vm is determined by the
sub-Ij-crystal MIj (m) of M(e
̟ℓYℓ,0Y
−1
0,ℓ ) and by the ℓ-weight Ξ
j(m). So the action
of Uˆi on vm is determined by the action of e˜i and f˜i on m and by the ℓ-weight Ξi(m)
which are independent of the choice of j.
Let us show that this action endows V (e̟ℓYℓ,0Y
−1
0,ℓ ) with a structure of Uq(sl
tor
n+1)-
module. We fix two indices i1, i2 ∈ I and we check the relations satisfied by Uˆi1
and Uˆi2 . The indices i1 and i2 are in the same connected subset Ij of the set of
vertices of the Dynkin diagram (j ∈ I). By construction, the action of Uˆi1 and Uˆi2 are
restrictions of the action of Uv,jq (sltorn+1) on V (e
̟ℓYℓ,0Y
−1
0,ℓ ). As V (e
̟ℓYℓ,0Y
−1
0,ℓ )
(j) is a
Uv,jq (sltorn+1)-module, the relations between Uˆi1 and Uˆi2 are satisfied and V (e
̟ℓYℓ,0Y
−1
0,ℓ )
is a Uq(sl
tor
n+1)-module.
By construction, the induced Uv,jq (sltorn+1)-module obtained from V (e
̟ℓYℓ,0Y
−1
0,ℓ ) by
restriction is isomorphic to V (e̟ℓYℓ,0Y
−1
0,ℓ )
(j) for all j ∈ I. Furthermore the ℓ-weight
of vm is Ξi(m) for the action of Uˆi (i ∈ I). So m is the ℓ-weight of vm and the q–
character of V (e̟ℓYℓ,0Y
−1
0,ℓ ) is the sum of monomials occurring inM(e
̟ℓYℓ,0Y
−1
0,ℓ ) with
multiplicity one. 
Remark 4.5. Let us consider the case ℓ > r + 1. The monomial crystal
M(e̟ℓYℓ,0Y
−1
0,n+1−ℓ) is closed for ℓ = n. We show in the same way as above that
there exists also a Uq(sl
tor
n+1)-module V (e
̟nYn,0Y
−1
0,1 ) whose q–character is the sum of
monomials occurring in M(e̟nYn,0Y
−1
0,1 ) with multiplicity one.
Actually this Uq(sl
tor
n+1)-module is related to the previous one for ℓ = 1 as follows.
We have defined an automorphism ι of the Dynkin diagram of type A
(1)
n . It induces
an algebra automorphism of Uq(sl
tor
n+1) we still denote ι, which sends x
±
i,r, hi,m, kh to
x±ι(i),r, hι(i),m, kιh(h) (i ∈ I, r ∈ Z,m ∈ Z−{0}, h ∈ h). Let us denote by V (e
̟nYn,0Y
−1
0,1 )
ι
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the Uq(sl
tor
n+1)-module obtained from V (e
̟nYn,0Y
−1
0,1 ) by twisting the action by ι. Then
we show easily that V (e̟nYn,0Y
−1
0,1 )
ι and V (e̟1Y1,0Y
−1
0,1 ) are isomorphic.
4.2. Study of the extremal fundamental loop weight modules. In this section,
we study the Uq(sl
tor
n+1)-modules V (e
̟ℓYℓ,0Y
−1
0,dℓ
), where n = 2r + 1 is supposed to be
odd and ℓ = 1, n or ℓ = r + 1. We set p = n+ 1 or p = 2 respectively.
Proposition 4.6. The Uq(sl
tor
n+1)-module V (e
̟ℓYℓ,0Y
−1
0,dℓ
) is integrable. Moreover, it
satisfies properties (iii) and (iv) of Remark 2.5 with weight subspaces of dimension
one.
Proof. Assume first that ℓ = 1, r+1. The q–character of V (e̟ℓYℓ,0Y
−1
0,ℓ ) is known: this is
the sum of monomials occurring inM(e̟ℓYℓ,0Y
−1
0,ℓ ) with multiplicity one. Furthermore
one has the equality of I0-crystals
M(e̟ℓYℓ,0Y
−1
0,ℓ ) =
⊔
k∈Z
(τp,−δ)
k
(
MI0(e
̟ℓYℓ,0Y
−1
0,ℓ )
)
.
For all m ∈ MI0(e
̟ℓYℓ,0Y
−1
0,ℓ ) and k ∈ Z, wt((τp,−δ)
k(m)) = wt(m) − kδ. So to prove
that the weight spaces of V (e̟ℓYℓ,0Y
−1
0,ℓ ) are of dimension one, we have to show that
the weights of monomials occurring in MI0(e
̟ℓYℓ,0Y
−1
0,ℓ ) are different to each other.
More precisely, it is sufficient to show that the sum∑
m∈MI0 (e
̟ℓYℓ,0Y
−1
0,ℓ )
e
(
wt(Ξ0(m))
)
∈
⊕
ν∈P0
Ze(ν)
is without multiplicity. This follows from the above results: it is the character of the
Uq(sln+1)-module V0(Λℓ).
For all j ∈ I, the representation V (e̟ℓYℓ,0Y
−1
0,ℓ ) is completely reducible as a U
v,j
q (sltorn+1)-
module and we have
(7) V (e̟ℓYℓ,0Y
−1
0,ℓ )
(j) =
⊕
p∈Z
V0(Yℓ,j+kp)
(j).
As the representations V0(Yℓ,j+kp) are all integrable, it holds for V (e
̟ℓYℓ,0Y
−1
0,ℓ ). Fur-
thermore V (e̟ℓYℓ,0Y
−1
0,ℓ ) satisfies the stronger property (iv) of Remark 2.5: in fact the
representations V0(Yℓ,j+kp) are all isomorphic as Uq(sln+1)-modules and satisfy property
(iv). Hence we have V (e̟ℓYℓ,0Y
−1
0,ℓ )ν+Nαi = {0} for all ν ∈ P , i ∈ I, N >> 0.
Finally, the case ℓ = n is deduced from the case ℓ = 1 by the ι-twisted automorphism
ψ. 
Theorem 4.7. The Uq(sl
tor
n+1)-module V (e
̟ℓYℓ,0Y
−1
0,dℓ
) is an extremal loop weight mod-
ule generated by the vector ve̟ℓYℓ,0Y −10,dℓ
of ℓ-weight e̟ℓYℓ,0Y
−1
0,dℓ
.
Proof. We treat the case ℓ = 1, r + 1 (the case ℓ = n can be deduced from ℓ = 1 by
using ψ). The formulas (7) imply immediately the third point of Definition 2.26. The
first two points are consequences of the following lemmas. 
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Lemma 4.8. Let M′ be a sub-Uq(sˆln+1)-crystal of M. Assume that V is a Uq(sˆln+1)-
module with basis (vm)m∈M′ satisfying
wt(vm) = wt(m), (x
+
i )
(k) · vm = ve˜ki ·m
and (x−i )
(k) · vm = vf˜ki ·m
(8)
for all m ∈ M′, i ∈ I and k ∈ N, where v0 = 0 by convention. If the monomial m is
extremal of weight λ, then the vector vm is an extremal vector of weight λ. Furthermore
if the crystal M′ is connected, then the Uq(sˆln+1)-module V is cyclic generated by any
vm with m ∈ M
′.
Proof. Assume that m is extremal of weight λ: there exists {mw}w∈W such that mId =
m and
e˜i ·mw = 0 and (f˜i)
w(λ)(hi) ·mw = msi(w) if w(λ)(hi) ≥ 0,
f˜i ·mw = 0 and (e˜i)
−w(λ)(hi) ·mw = msi(w) if w(λ)(hi) ≤ 0.
(9)
For all w ∈W , set vw = vmw . By (8) and (9), {vw}w∈W satisfies vId = vm and
x±i · vw = 0 if ± w(λ)(hi) ≥ 0 and (x
∓
i )
(±w(λ)(hi)) · vw = vsi(w).
Hence the vector vm is extremal of weight λ.
Assume that the crystalM′ is connected and fix m ∈ M′. For m′ ∈ M′, there exists
a product s of Kashiwara operators such that s(m) = m′. Consider the corresponding
operator S ∈ Uq(sˆln+1) at the level of V , i.e. S has the same expression as s where
the operators e˜ki (resp. f˜
k
i ) are replaced by (x
+
i )
(k) (resp. (x−i )
(k)) in the product
(k ∈ N, i ∈ I). By (8), S(vm) = vs(m) = vm′ and the Uq(sˆln+1)-module V is cyclic
generated by vm. 
Lemma 4.9. Assume that ℓ = 1, r+1. The ℓ-weight vector ve̟ℓYℓ,0Y −10,ℓ
∈ V (e̟ℓYℓ,0Y
−1
0,ℓ )
is an extremal vector of weight ̟ℓ for the action of U
h
q (sl
tor
n+1). Furthermore
V (e̟ℓYℓ,0Y
−1
0,ℓ ) = U
h
q (sl
tor
n+1) · ve̟ℓYℓ,0Y −10,ℓ
.
Proof. Let us begin to show that the basis (vm) of V (e
̟ℓYℓ,0Y
−1
0,ℓ ) introduced in (6)
satisfies properties (8). For all m ∈ M(e̟ℓYℓ,0Y
−1
0,ℓ ), vm is an ℓ-weight vector of ℓ-
weight m and wt(vm) = wt(m). Fix i ∈ I and let j ∈ I be such that j 6= i. As a
Uv,jq (sltorn+1)-module, V (e
̟ℓYℓ,0Y
−1
0,ℓ ) is completely reducible (see (7)) and there exists
k ∈ Z such that vm ∈ V0(Yℓ,j+kp)
(j). As properties (8) are satisfied in V0(Yℓ,j+kp)
(j)
(Proposition 4.3), it holds on vm for i ∈ I.
From there the result is a direct consequence of the above lemma and the fact that
e̟ℓYℓ,0Y
−1
0,ℓ is extremal in the connected crystal M(e
̟ℓYℓ,0Y
−1
0,ℓ ) (Theorem 3.4). 
Proposition 4.10. The Uq(sl
tor
n+1)-module V (e
̟ℓYℓ,0Y
−1
0,dℓ
) is irreducible. Furthermore
it is simple as a Uhq (sl
tor
n+1)-module and Res(V (e
̟ℓYℓ,0Y
−1
0,dℓ
)) is isomorphic to V (̟ℓ).
Proof. Let V be a non trivial sub-Uhq (sl
tor
n+1)-module of V (e
̟ℓYℓ,0Y
−1
0,dℓ
). As the weight
spaces of V (e̟ℓYℓ,0Y
−1
0,dℓ
) are all of dimension one, there existsm ∈ M(e̟ℓYℓ,0Y
−1
0,dℓ
) such
that vm ∈ V . By Lemma 4.8, vm generates V (e
̟ℓYℓ,0Y
−1
0,dℓ
) and V = V (e̟ℓYℓ,0Y
−1
0,dℓ
).
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Hence V (e̟ℓYℓ,0Y
−1
0,dℓ
) is simple as a Uhq (sl
tor
n+1)-module and as a Uq(sl
tor
n+1)-module.
Furthermore, Res(V (e̟ℓYℓ,0Y
−1
0,dℓ
)) is an integrable Uq(sˆln+1)-module generated by the
extremal vector ve̟ℓYℓ,0Y −10,dℓ
of weight ̟ℓ. Then by Theorem 2.13, Res(V (e
̟ℓYℓ,0Y
−1
0,dℓ
))
is isomorphic to V (̟ℓ). 
Some readers may expect from this result that the Uq(sl
tor
n+1)-module V (e
̟ℓYℓ,0Y
−1
0,dℓ
)
can be obtained from the extremal weight module V (̟ℓ) by an evaluation morphism,
but this is not the case for the following reasons (which generalize arguments given in
[24]): Res(V (e̟ℓYℓ,0Y
−1
0,dℓ
)) is isomorphic to the Uq(sˆln+1)-module V (̟ℓ). In particular,
τp,−δ : V (̟ℓ)→ V (̟ℓ), vm 7→ vτp,−δ(m) for all m ∈ M(e
̟ℓYℓ,0Y
−1
0,dℓ
)
is a Uq(sˆln+1)
′-automorphism of V (̟ℓ) (with p = n + 1 or p = 2 if ℓ = 1, n or
ℓ = r + 1 respectively). If V (e̟ℓYℓ,0Y
−1
0,dℓ
) is obtained from an evaluation morphism
Uq(sl
tor
n+1) → U
h
q (sl
tor
n+1), τp,−δ should induce an automorphism of V (e
̟ℓYℓ,0Y
−1
0,dℓ
). But
it does not commute with the action of the x±i,r, hi,r for i ∈ I and r ∈ Z − {0}.
In the same way, V (e̟ℓYℓ,0Y
−1
0,dℓ
) can not be obtained from an evaluation morphism
Uq(sl
tor
n+1) → U
v,j
q (sltorn+1) (j ∈ I). In fact, V (e
̟ℓYℓ,0Y
−1
0,dℓ
) is completely reducible as a
Uv,jq (sltorn+1)-module and is a direct sum of fundamental modules (see (7)). But it is a
simple Uq(sl
tor
n+1)-module.
Remark 4.11. Let us denote Uq(sl
tor
n+1)
′ the quantum toroidal algebra without deriva-
tion element, i.e. this is the subalgebra of Uq(sl
tor
n+1) generated by x
±
i,r (i ∈ I, r ∈
Z), hi,m (i ∈ I,m ∈ Z − {0}) and kh (h ∈
∑
Qhi). An automorphism Ψ of Uq(sl
tor
n+1)
′
which exchanges vertical and horizontal quantum affine subalgebras is defined in [37].
Denote by V (e̟ℓYℓ,0Y
−1
0,dℓ
)Ψ the Uq(sl
tor
n+1)
′-module obtained from V (e̟ℓYℓ,0Y
−1
0,dℓ
) by
twisting the action by Ψ. It would be interesting to determine if V (e̟ℓYℓ,0Y
−1
0,dℓ
)Ψ is
already known, for example if it is of ℓ-highest weight. Actually this is not the case: for
the vertical quantum affine subalgebra Uvq (sl
tor
n+1)
′, it is an integrable and cyclic module
which is reducible. Further as a Uhq (sl
tor
n+1)
′-module, it is completely reducible, direct
sum of irreducible finite-dimensional representations. So V (e̟ℓYℓ,0Y
−1
0,dℓ
)Ψ cannot be
an ℓ-highest weight module or an ℓ-lowest weight module.
From now on, let M′0 be a subcrystal of M0 over Uq(sln+1) (resp. M
′ subcrystal of
M over Uq(sˆln+1)). Let us consider the vector space V with basis (vm) indexed by the
vertices of M′0 (resp. M
′). We define an action of Uq(sˆln+1)
′ (resp. Uq(sl
tor
n+1)) on V
by the following formulas
x+i,r · vm = q
r(pi(m)−1)ve˜i·m,
x−i,r · vm = q
r(qi(m)+1)vf˜i·m,
φ±i,±s · vm = ±(q − q
−1)
(
ϕi(m)q
±s(qi(m)+1) − εi(m)q
±s(pi(m)−1)
)
vm,
kh · vm = q
wt(m)(h)vm.
(10)
with r ∈ Z, s > 0, i ∈ I0 (resp. i ∈ I) and h ∈ h0 (resp. h ∈ h), and where v0 = 0 by
convention. Note that pi(m) is well defined only if εi(m) > 0 or equivalently if e˜i ·m 6= 0
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and qi(m) is well defined only if ϕi(m) > 0 or equivalently if f˜i ·m 6= 0. Then, these
expressions make sense.
Theorem 4.12. (i) Set n ∈ N∗, 1 ≤ ℓ ≤ n. Assume that M′0 = M0(Yℓ,k). Then
formulas (10) endow V with a structure of Uq(sˆln+1)
′-module isomorphic to the
fundamental module V0(Yℓ,k).
(ii) Assume that n = 2r + 1 is odd and ℓ = 1, r + 1, n. Set M′ =M(e̟ℓYℓ,0Y
−1
0,dℓ
).
Then formulas (10) endow V with a structure of Uq(sl
tor
n+1)-module isomorphic
to the extremal fundamental loop weight module V (e̟ℓYℓ,0Y
−1
0,dℓ
).
Proof. The action of the horizontal quantum affine subalgebra and the action of the
Cartan subalgebra are known on the basis (vm)m∈M′ for the Uq(sˆln+1)
′-module V0(Yℓ,k)
and for the Uq(sl
tor
n+1)-module V (e
̟ℓYℓ,0Y
−1
0,dℓ
). From (1) it is straightforward to deduce
the action of the x±i,r on these modules (r ∈ Z). We obtain formulas (10) given only
from the corresponding monomial crystal. 
Remark 4.13. In [26], the algebra Uq(sˆl∞) is introduced as the quantum affinization
of Uq(sl∞). It is defined by the same generators and relations as in Definition 2.15
with the infinite Cartan matrix C = (Ci,j)i,j∈Z such that
Ci,i = 2, Ci,i+1 = −1, Ci+1,i = −1, Ci,j = 0
if i − j /∈ {−1, 0, 1}. The representation theory of Uq(sˆl∞) is similar to the one of
Uq(sl
tor
n+1): the simple ℓ-highest weight modules are parametrized by Drinfeld polynomi-
als. In particular, the fundamental modules can be defined and they are the inductive
limit of the fundamental modules for the quantum affine algebra Uq(sˆln+1)
′ when n→∞
(see [26, Theorem 3.8] and [26, Proposition 3.11]). So, the previous results about the
fundamental modules of Uq(sˆln+1)
′ extend directly to the case of the fundamental mod-
ules of Uq(sˆl∞).
Remark 4.14. As we have said, relations between monomial crystals and the set of
monomials occurring in the q–character of representations are known and have com-
binatorial origin (see [26, 28, 42]). The above results, in particular Theorem 4.12,
give one way to better understand the representation theoretical meaning of this narrow
link expected in [28]. In fact, formulas (10) hold for all the fundamental Uq(sˆln+1)
′-
modules V0(Yℓ,k) and for all the extremal fundamental loop weight Uq(sl
tor
n+1)-modules
V (e̟ℓYℓ,0Y
−1
0,dℓ
). Hence the knowledge of these representations is reduced to the one of
the corresponding crystals M0(Yℓ,k) and M(e
̟ℓYℓ,0Y
−1
0,dℓ
) respectively, which is totally
combinatorial.
Example 4.15. Assume that n = 3 and ℓ = 1. We study the extremal fundamental
loop weight module V (e̟1Y1,0Y
−1
0,1 ) for Uq(sl
tor
4 ). Let us consider the monomial crystal
M(e̟1Y1,0Y
−1
0,1 ). It is closed and p = 4 in this case. Using the notations introduced
above, E = ⊔k∈ZE0,k and we have
E0,0 =
{
e̟1Y1,0Y
−1
0,1 , Y2,1Y
−1
1,2 , Y3,2Y
−1
2,3 , Y0,3Y
−1
3,4
}
.
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E0,k can be obtained from E0,0 by applying τ4k,−δ. In the same way, we obtain Ej,k by
applying φj+4k to E0,0 . Then the q–character of the extremal fundamental loop weight
module V (e̟1Y1,0Y
−1
0,1 ) is
χq(V (e
̟1Y1,0Y
−1
0,1 )) =
∑
k∈Z
e̟1−kδY1,4kY
−1
0,1+4k + Y2,1+4kY
−1
1,2+4k + Y3,2+4kY
−1
2,3+4k
+ Y0,3+4kY
−1
3,4+4k.
Furthermore the action is explicitly given by the crystal M(e̟1Y1,0Y
−1
0,1 ) and by the
formulas (10). This module is already constructed in [24].
Remark 4.16. After this paper appeared on the arXiv, the constructions in [16] were
brought to our attention by H. Nakajima: some representations over the d-deformation
Uq,d(sl
tor
n+1) of the quantum toroidal algebra are obtained as quantum version of a module
over a Lie algebra of difference operators. They are called vector representations in
[16]. Our works give another way to define these representations. Actually let ω :
Uq(sl
tor
n+1) → Uq−1(sl
tor
n+1) be the map sending x
±
i,r, hi,m, kh to x
∓
i,r, hi,m, kh (i ∈ I, r ∈
Z,m ∈ Z − {0}, h ∈ h). ω extends to an isomorphism of algebras. For u ∈ C∗,
let [V (e̟1Y1,0Y
−1
0,1 )]u be the Uq(sl
tor
n+1)-module obtained from V (e
̟1Y1,0Y
−1
0,1 ) by twisting
the action by tuq−1 ◦ω. Then [V (e
̟1Y1,0Y
−1
0,1 )]u is isomorphic to a vector representation
where we specialized the parameter d at 1 (this representation is denoted by V (2)(u) in
[16]).
Example 4.17. Assume that n = 3 and ℓ = 2. Let us study the extremal fundamental
loop weight module V (e̟2Y2,0Y
−1
0,2 ) of Uq(sl
tor
4 ). Consider the closed monomial crystal
M(e̟2Y2,0Y
−1
0,2 ). In this case, p = 2 and we have
E0,0 =
{
e̟2Y2,0Y
−1
0,2 , Y1,1Y
−1
2,2 Y3,1Y
−1
0,2 , Y1,1Y
−1
3,3 ,
Y3,1Y
−1
1,3 , Y
−1
1,3 Y2,2Y
−1
3,3 Y0,2, Y
−1
2,4 Y0,2
}
.
To describe all the monomials occurring in M(e̟2Y2,0Y
−1
0,2 ), it is sufficient to consider
only the sub-I{0,1}-crystal
Y2,0Y
−1
0,2
2
−→ Y1,1Y
−1
2,2 Y3,1Y
−1
0,2
3
−→ Y1,1Y
−1
3,3
and to apply the θ-twisted automorphism φ (Remark 3.20). The q–character of
V (e̟2Y2,0Y
−1
0,2 ) is
χq(V (e
̟2Y2,0Y
−1
0,2 )) =
∑
k∈Z
e̟2−kδY2,2kY
−1
0,2+2k + Y1,1+2kY
−1
2,2+2k + Y3,1+2kY
−1
0,2+2k
+ Y −11,3+2kY3,1+2k + Y3,1+2kY
−1
1,3+2k + Y
−1
1,3+2kY2,2+2k
+ Y −13,3+2kY0,2+2k + Y
−1
2,4+2kY0,2+2k,
and the action of Uq(sl
tor
4 ) on V (e
̟2Y2,0Y
−1
0,2 ) is explicitly given by the crystal
M(e̟2Y2,0Y
−1
0,2 ) and formulas (10).
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4.3. Finite-dimensional representations at roots of unity. The existence of shift
automorphisms for M(e̟ℓYℓ,0Y
−1
0,dℓ
) is related to finite-dimensional representations of
quantum toroidal algebras at roots of unity. We explain that in this section.
So assume that n = 2r + 1 is odd (r ≥ 1) and ℓ = 1, n or ℓ = r + 1. In this case
M(e̟ℓYℓ,0Y
−1
0,dℓ
) is closed and its automorphism zℓ has the special form of a shift τ−p,δ
with p = n+ 1 or p = 2 respectively.
Set L ≥ 1 and ǫ a primitive (pL)-root of unity (we assume also that p 6= 2 or L > 1
in the following). Let Uǫ(sl
tor
n+1)
′ be the algebra defined as Uq(sl
tor
n+1) with ǫ instead of
q (without divided powers and derivation element).
For N ∈ N∗, let ΓN : Z[Y
±1
i,l ]i∈I,l∈Z → Z[Y
±1
i,l
]i∈I,l∈Z/NZ be the map defined by
sending the variables Y ±1i,l to Y
±1
i,l
(i ∈ I, l ∈ Z). Set Sǫ the image of a monomial set S
by Γ(pL).
Consider the monomial set Eǫ. By the existence of the shift automorphism τ−p,δ, we
have
Eǫ =
⊔
0≤k≤L−1
(τp,−δ)
k ((Ej,k)ǫ)
with j ∈ I. One checks easily that Eǫ is closed.
By specializing the representations V (e̟ℓYℓ,0Y
−1
0,dℓ
) at a root of unity ǫ, we obtain
Theorem 4.18. Assume that ǫ is a primitive (pL)-root of unity. There is an irreducible
Uǫ(sl
tor
n+1)
′-module V (e̟ℓYℓ,0Y
−1
0,dℓ
)ǫ of dimension L ·
(
n+ 1
ℓ
)
such that
χǫ(V (e
̟ℓYℓ,0Y
−1
0,dℓ
)ǫ) =
∑
m∈Eǫ
m.
Furthermore there exists a basis (vm) of V (e
̟ℓYℓ,0Y
−1
0,dℓ
)ǫ indexed by Eǫ such that the
action on it is given by
x+i,r · vm = ǫ
r(pi(m)−1)ve˜i·m,
x−i,r · vm = ǫ
r(qi(m)+1)vf˜i·m,
φ±i,±s · vm = ±(ǫ− ǫ
−1)
(
ϕi(m)ǫ
±s(qi(m)+1) − εi(m)ǫ
±s(pi(m)−1)
)
vm,
k±i · vm = ǫ
±(ϕi(m)−εi(m))vm.
5. Extremal loop weight modules for Uq(sl
tor
n+1) when the considered
monomial crystal is not closed
In this section, we still assume that n = 2r + 1 is odd and we discuss the case
where the considered monomial crystal M′ is not closed. It is not possible here to
construct an integrable module whose q–character is a sum of monomials occurring in
M′. In fact some monomials miss and we have to consider a larger closed monomial
crystal M′ containing it. It is obtained from M′ by adding other monomial crystals.
But its structure is more complicated than M′ and it is difficult for us to construct
systematically a possible representation of Uq(sl
tor
n+1) associated to M
′.
So in this section, we propose to treat an example of such a construction. Assume in
the following that n = 3 and consider the crystalM(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) which is not
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closed. We determine a closed monomial crystal M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) containing
it and we construct a representation V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) of Uq(sl
tor
4 ) such that
its q–character is the sum of monomials occurring in M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) with
multiplicity one (Theorem 5.6). Furthermore we will see that V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )
satisfies the definition of extremal loop weight module.
In the first part, we study the crystal M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) and we determine
a closed monomial crystal M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) containing it.
The construction of the Uq(sl
tor
4 )-module V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is done in the
second part. The process is the same as in the preceding section: we consider the
vector space freely generated by the vertices m of M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) and we
define an action of Uq(sl
tor
4 ) by pasting together some finite-dimensional representations
of the vertical quantum affine subalgebras Uv,jq (sltor4 ) (j ∈ I).
In the third part, we study the representation V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ): it is an inte-
grable representation of Uq(sl
tor
4 ) which is thin and irreducible. Furthermore
V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is an extremal loop weight module of ℓ-weight
e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 .
In the last part, we specialize q at roots of unity ǫ. We get finite-dimensional repre-
sentations of the quantum toroidal algebra Uǫ(sl
tor
4 )
′.
Remark 5.1. It could be interesting to construct other extremal fundamental loop
weight modules of ℓ-weight e̟ℓYℓ,0Y
−1
0,ℓ with 2 ≤ ℓ ≤ r in the same way. The first
crystal M(e̟ℓYℓ,0Y
−1
0,ℓ ) which is not closed is obtained for n = 5 and ℓ = 2. We are led
to consider the following closed crystal
M(e̟2Y2,0Y
−1
0,2 ) =M(e
̟2Y2,0Y
−1
0,2 )⊕
⊕
s∈N∗
M(e2Λ1−sδY1,1Y1,−1+6sY
−1
0,2 Y
−1
0,6s).
which contains M(e̟2Y2,0Y
−1
0,2 ). The maps φ and τ6,−2δ are automorphisms of it and
the Pcl-crystals M(e
̟2Y2,0Y
−1
0,2 )/(τ6,−2δ) and M(e
2Λ1−sδY1,1Y1,−1+6sY
−1
0,2 Y
−1
0,6s)/(τ6,−2δ)
have 30 vertices and 36 vertices respectively.
The example we propose to treat in this section is simpler than the case of the extremal
fundamental loop weight modules and we focus only on this situation for the sake of
clarity and simplicity.
5.1. Study of the monomial Uq(sˆl4)-crystal M(e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ). We refer
to the Appendix for explicit descriptions of all the crystals considered in this section.
Let us study the monomial crystal M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ): the maps φ and τ4,−2δ
are automorphisms of M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ). Furthermore straightforward com-
putations lead to the following result.
Proposition 5.2. (i) We have the equality of sets
M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) =
⋃
k∈Z
(τ4,−2δ)
k

 3⋃
j=0
MIj (Y1+j,1+jY1+j,−1+jY
−1
j,2+jY
−1
j,j )

 .
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(ii) For all j ∈ I, the monomial crystal MIj(Y1+j,1+jY1+j,−1+jY
−1
j,2+jY
−1
j,j ) is Ij-q-
closed. More precisely, we have the bijection of monomial sets
Ξj :MIj(Y1+j,1+jY1+j,−1+jY
−1
j,2+jY
−1
j,j ) −→M(V0(Y1,1+jY1,−1+j)
(j))
where V0(Y1,1+jY1,−1+j) is the simple ℓ-highest weight representation of Uq(sˆl4)
′
of ℓ-highest weight Y1,1+jY1,−1+j.
(iii) For all j ∈ I, the Ij-crystal MIj(Y1+j,1+jY1+j,−1+jY
−1
j,2+jY
−1
j,j ) is not q-closed:
the monomial φj(Y1,−1Y
−1
3,5 Y
−1
0,0 Y0,4) occurs in this crystal, but it is not the case
of φj(Y1,−1Y
−1
3,5 Y
−1
0,0 Y0,4 ·A0,−1) = φ
j(Y1,5Y1,−1Y
−1
0,6 Y
−1
0,0 ).
Hence, we are led to consider the crystal M(e2̟1+δY1,1Y1,−5Y
−1
0,2 Y
−1
0,−4) which is also
not closed. More generally we have to deal with all the monomial crystals
M(e2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s) with s ∈ N. We set
M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) =
⊕
s∈N
M(e2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s).
For all (k, s) ∈ Z× N and j ∈ I, denote by
• M1j,k,s the sub-Ij-crystal ofM(e
2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s) generated by the
monomial φj+4k(e2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s),
• M2j,k,s the sub-Ij-crystal ofM(e
2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s) generated by the
monomial φj+4k(Y1,1Y
−1
1,−3−4sY2,−4−4sY
−1
0,2 ).
Proposition 5.3. (i) For all s ∈ N and j ∈ I, one has the equality of Ij-crystals
M(e2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s) =
⊕
k∈Z
(
M1j,k,s ⊕M
2
j,k,s
)
.
(ii) For all j ∈ I, k ∈ Z and s ≥ 1, the monomial crystalMj,k,s =M
1
j,k,s⊕M
2
j,k,s−1
is Ij-q-closed. More precisely, we have the bijection of monomial sets
Ξj :Mj,k,s −→M
(
V0(Y1,1+j+4kY1,−1+j+4k−4s)
(j)
)
where V0(Y1,1+j+4kY1,−1+j+4k−4s) is the ℓ-highest weight representation of
Uq(sˆl4)
′ of ℓ-highest weight Y1,1+j+4kY1,−1+j+4k−4s.
The proof of these statements is straightforward. As a consequence of these results, we
have
Corollary 5.4. The monomial crystal M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is closed.
Proposition 5.5. M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is a monomial realization of the P -crystal
B(2̟1). Furthermore, the monomials Ms = e
2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s are extremal
of weight 2̟1 + sδ (s ∈ N).
Proof. The monomial crystal M(e2̟1Y 21,1Y
−2
0,2 ) is isomorphic to the connected compo-
nent of B(2̟1) generated by v2̟1 [28, Proposition 3.1]. One checks that the map
M(e2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s) −→M(e
2̟1Y 21,1Y
−2
0,2 )
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which sends the monomial Ms to the extremal element e
2̟1Y 21,1Y
−2
0,2 is an isomorphism
of Pcl-crystals for all s ∈ N. Then the result is a direct consequence of the description of
the crystal B(2̟1) given in [5]: all the connected components of B(2̟1) are isomorphic
to each other modulo shift of weight by δ. 
5.2. Construction of the Uq(sl
tor
4 )-module V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ). Let us give
the main result of this section.
Theorem 5.6. There exists a thin representation of Uq(sl
tor
4 ) whose q–character is the
sum of monomials occurring in M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) with multiplicity one. It is
denoted by V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ).
The construction of V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is analogous to the one of V (e
̟ℓYℓ,0Y
−1
0,ℓ )
in Theorem 4.1: we paste together the finite-dimensional representations
V0(Y1,1+j+4kY1,−1+j+4k)
(j) and V0(Y1,1+j+4kY1,−1+j+4k−4s)
(j) of Uv,jq (sltor4 ) with j ∈ I,
k ∈ Z and s ∈ N∗.
Let us begin by recalling some well-known facts about the Kirillov-Reshetikhin mod-
ule V0(Ξ
0(M)) over Uq(sˆl4)
′ with M = e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 . It is irreducible as a
Uq(sl4)-module, isomorphic to V0(2Λ1). In particular, V0(Ξ
0(M)) is an extremal weight
module of extremal weight 2Λ1 and there exist vectors vφj(M) (j = 0, . . . , 3) such that
vM is an ℓ-highest weight vector of V0(Ξ
0(M)) and
(x−i,0)
(2) · vφi−1(M) = vφi(M) for i = 1, . . . , 3,
(x+i,0)
(2) · vφi(M) = vφi−1(M) for i = 1, . . . , 3,
x±i,0 · vφj(M) = 0 in the other cases.
Set
vf˜1·M := x
−
1,0 · vM , vf˜2f˜1·M := x
−
2,0x
−
1,0 · vM , vf˜3f˜2f˜1·M := x
−
3,0x
−
2,0x
−
1,0 · vM ,
vf˜2·φ(M) := x
−
2,0 · vφ(M), vf˜3f˜2·φ(M) := x
−
3,0x
−
2,0 · vφ(M),
vf˜3·φ2(M) := x
−
3,0 · vφ2(M).
These vectors form a basis (vm) of V0(Ξ
0(M)), indexed by the monomials occurring in
MI0(M). Furthermore for allm ∈ MI0(M), vm is an ℓ-weight vector of ℓ-weight Ξ
0(m).
The other finite-dimensional representations of Uq(sˆl4)
′ we have to consider are
V0(Ξ
0(Ms)) with Ms = e
2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s and s ∈ N
∗. The following two
points are well-known:
(i) V0(Ξ
0(Ms)) is an irreducible Uq(sˆl4)
′-module isomorphic to V0(Y1,1)⊗V0(Y1,−1−4s),
(ii) Res(V0(Ξ
0(Ms))) is a completely reducible Uq(sl4)-module isomorphic to
V0(2Λ1)⊕ V0(Λ2).
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Furthermore there exist vectors vφj(Ms) (j = 0, . . . , 3) such that vMs is an ℓ-highest
weight vector of V0(Ξ
0(Ms)) and
(x−i,0)
(2) · vφi−1(Ms) = vφi(Ms) for i = 1, . . . , 3,
(x+i,0)
(2) · vφi(Ms) = vφi−1(Ms) for i = 1, . . . , 3,
x±i,0 · vφj(Ms) = 0 in the other cases.
To complete this family of vectors to a basis of V0(Ξ
0(Ms)), the following example is
used.
Example 5.7. Let a, b ∈ Z be such that a 6= b and a 6= b ± 2. Consider the Uq(sˆl2)
′-
module V0(Y1,aY1,b). This module was already studied in [25]. We have
χq(V0(Y1,aY1,b)) = Y1,aY1,b + Y1,aY
−1
1,b+2 + Y
−1
1,a+2Y1,b + Y
−1
1,a+2Y
−1
1,b+2.
In particular, it was shown that there exists a basis
{vY1,aY1,b , vY −11,a+2Y1,b
, vY1,aY −11,b+2
, vY −11,a+2Y
−1
1,b+2
}
where the action of the Drinfeld generators on it is given by
x+r · vY1,aY1,b = 0,
x−r · vY1,aY1,b =
qb−1 − qa+1
qb − qa
qr(a+1)vY −11,a+2Y1,b
+
qb+1 − qa−1
qb − qa
qr(b+1)vY1,aY −11,b+2
,
x+r · vY −11,a+2Y1,b
= qr(a+1)vY1,aY1,b ,
x−r · vY −11,a+2Y1,b
= qr(b+1)vY −11,a+2Y
−1
1,b+2
,
x+r · vY1,aY −11,b+2
= qr(b+1)vY1,aY1,b ,
x−r · vY1,aY −11,b+2
= qr(a+1)vY −11,a+2Y
−1
1,b+2
,
x+r · vY −11,a+2Y
−1
1,b+2
=
qb−1 − qa+1
qb − qa
qr(b+1)vY −11,a+2Y1,b
+
qb+1 − qa−1
qb − qa
qr(a+1)vY1,aY −11,b+2
,
x−r · vY −11,a+2Y
−1
1,b+2
= 0,
and with vm of ℓ-weight m for m = Y1,aY1,b, . . . , Y
−1
1,a+2Y
−1
1,b+2. Note that the basis used
in [25] is renormalized here and we have
(x−0 )
(2) · vY1,aY1,b = vY −11,a+2Y
−1
1,b+2
, (x+0 )
(2) · vY −11,a+2Y
−1
1,b+2
= vY1,aY1,b .
As a 6= b ± 2, it is well-known that the Uq(sˆl2)
′-module V0(Y1,aY1,b) is isomorphic to
V0(Y1,a)⊗V0(Y1,b). Furthermore the Uq(sl2)-module Res(V0(Y1,aY1,b)) is not irreducible,
but it is cyclic generated by one of vectors vY1,aY −11,b+2
or vY −11,a+2Y1,b
.
Set M1s = Y
−1
1,3 Y1,−1−4sY2,2Y
−1
0,−4s and M
2
s = Y1,1Y
−1
1,1−4sY2,−4sY
−1
0,2 . Let vM1s and
vM2s ∈ V0(Ξ
0(M)) of ℓ-weight M1s and M
2
s respectively, be such that
x−1,0 · vMs =
q−2−4s − q4
q−1−4s − q3
vM1s +
q−4s − q2
q−1−4s − q3
vM2s .
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Set
vf˜2·Mus
:= x−2,0 · vMus , vf˜3f˜2·Mus
:= x−3,0x
−
2,0 · vMus
with u = 1, 2. In the same way, one can define vφ(Mus ), vf˜3·φ(Mus )
and vφ2(Mus ) for u = 1, 2.
We check that these vectors form a basis (vm) of V0(Ξ
0(Ms)), indexed by the monomials
occurring in M0,0,s. Moreover vm is an ℓ-weight vector of ℓ-weight Ξ
0(m) for all m.
By twisting the action of Uq(sˆl4)
′ on V0(Y1,1Y1,−1) and V0(Y1,1Y1,−1−4s) by θ
(j) and
tb for some b ∈ C
∗, we obtain for all j ∈ I, k ∈ Z and s ∈ N∗
• the Uv,jq (sltor4 )-modules V0(Y1,1+j+4kY1,−1+j+4k)
(j) which we call modules of type
KR below,
• the Uv,jq (sltor4 )-modules V0(Y1,1+j+4kY1,−1+j+4k−4s)
(j) which we call modules of
type s-TP below. The modules of type s-TP for various s ∈ N∗ are called
modules of type TP.
From the construction done above, we get bases (vm) of these modules indexed by
the monomial crystals MIj(φ
j+4k(Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )) (resp. Mj,k,s) with analogous
properties as the previous ones. In particular, the action on a vector vm is completely
determined by the action of the horizontal quantum affine subalgebra on it and by its
ℓ-weight m.
Let us begin the construction of the Uq(sl
tor
4 )-module V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ). De-
note by E the set of monomials occurring inM(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) and for all j ∈ I,
k ∈ Z and s ∈ N∗, Ej,k,0 (resp. Ej,k,s) the set of monomials corresponding to M
1
j,k,0
(resp. Mj,k,s). We have for all 0 ≤ j ≤ 3,
E =
⊔
k∈Z
Ej,k,0 ⊔
⊔
k∈Z,s∈N∗
Ej,k,s.
Let
V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) =
⊕
m∈E
Cvm
be the vector space freely generated by E . For 0 ≤ j ≤ 3, k ∈ Z and s ∈ N∗, set
V
(j)
k =
⊕
m∈Ej,k,0
Cvm (resp. V
(j)
k,s =
⊕
m∈Ej,k,s
Cvm). Then for all 0 ≤ j ≤ 3,
V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) =
⊕
k∈Z
V
(j)
k ⊕
⊕
k∈Z,s∈N∗
V
(j)
k,s .
For all j ∈ I, we endow V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) with a structure of U
v,j
q (sltor4 )-
module as follows: for k ∈ Z and s ∈ N∗, the vector space V
(j)
k (resp. V
(j)
k,s ) is
isomorphic to V0(Y1,1+j+4kY1,−1+j+4k)
(j) (resp. V0(Y1,1+j+4kY1,−1+j+4k−4s)
(j)) by iden-
tifying the corresponding bases. So V
(j)
k (resp. V
(j)
k,s ) is endowed with a structure of
Uv,jq (sltor4 )-module, and V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) also by direct sum. We denote it by
V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )
(j).
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Proposition 5.8. There exists a Uq(sl
tor
4 )-module structure on V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )
such that for all j ∈ I the induced Uv,jq (sltorn+1)-module is isomorphic to
V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )
(j). Furthermore the q–character of V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )
is
χq(V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )) =
∑
m∈E
m,
where E is the set of monomials occurring in M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ).
Proof. The process is the same as in Theorem 4.1: to define an action of Uq(sl
tor
4 ), we
determine the action of the subalgebras Uˆi for all i ∈ I. For that, let j ∈ I be such
that j 6= i. Then the action of Uˆi on V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is the restriction of the
action of Uv,jq (sltor4 ) on V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )
(j). We check that this is independent
of the choice of j 6= i.
Let us show that this action endows V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) with a structure of
Uq(sl
tor
4 )-module. For that, we have to distinguish two types of monomials:
• the m such that there is no s, s′ ∈ N with s 6= s′ and m ∈ Ej,k,s ∩ Ej′,k′,s′ for
some 0 ≤ j, j′ ≤ 3 and k, k′ ∈ Z. For such a monomial, the defined action on
vm comes from the same type of modules, i.e. only of modules of type KR or
only on modules of type s-TP for one s ∈ N∗,
• the m such that there is s, s′ ∈ N with s 6= s′ and m ∈ Ej,k,s ∩ Ej′,k′,s′ for some
0 ≤ j, j′ ≤ 3 and k, k′ ∈ Z. For such a monomial, the defined action on vm
comes from two different types of modules, i.e. of modules of type KR and of
type TP or of modules of type s-TP and of type s′-TP with s 6= s′.
For the first ones, the same process as in Theorem 4.1 (using promotion operator)
implies that the defining relations of Uq(sl
tor
4 ) hold on it. For the other ones, this is
more complicated. Such a monomial is of the form m = φj+4k(Y1,−1−4sY
−1
3,5 Y0,4Y
−1
0,−4s)
with 0 ≤ j ≤ 3, k ∈ Z, s ∈ N∗. Promotion operator implies some relations on vm but
not all and we check directly that they are satisfied. We do not detail the calculations
here. 
5.3. Study of the Uq(sl
tor
4 )-module V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ).
Proposition 5.9. The Uq(sl
tor
4 )-module V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is integrable. More-
over, it satisfies property (iv) of Remark 2.5.
Proof. For all j ∈ I, V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is completely reducible as a U
v,j
q (sltorn+1)-
module and we have
(11) V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )
(j) =
⊕
s∈N,k∈Z
V0(Y1,1+j+4kY1,−1+j+4k−4s)
(j).
The representations occurring in the direct sum at the right hand side are integrable.
Hence V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is an integrable Uq(sl
tor
n+1)-module. Furthermore the
modules of type KR (resp. of type TP) are all isomorphic as Uq(sl4)-modules and
satisfy property (iv) of Remark 2.5. Then, it holds for V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ), i.e.
V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )ν+Nαi = {0} for all ν ∈ P, i ∈ I,N >> 0.
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
Remark 5.10. The weight spaces of V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) are infinite-dimensional
and property (iii) does not hold. However its ℓ-weight spaces are all of dimension one.
The main result of this section is the following.
Theorem 5.11. Set M = e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 . The representation V (M) is an
extremal loop weight module generated by the vector vM of ℓ-weight M .
Proof. The third point of Definition 2.26 is a consequence of (11). For the first two
points, we use the following results. 
Lemma 5.12. Let V be a Uq(sˆln+1)-module with basis (vm)m∈M′ indexed by a subcrys-
tal M′ of M. Assume that M ∈ M′ is extremal of weight wt(M) and for all i ∈ I and
m ∈W ·M ,
wt(vm) = wt(m), x
±
i · vm = 0 and (x
∓
i )
(±wt(m)(hi)) · vm = vSi(m) if ± wt(m)(hi) ≥ 0.
Then vM is an extremal vector of weight wt(M).
Proof. The proof is analogue to the one of Lemma 4.8. 
Corollary 5.13. Set Ms = e
2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s (s ∈ N). Then vMs is an ex-
tremal vector of V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) of weight 2̟1+sδ for the horizontal quantum
affine subalgebra Uhq (sl
tor
4 ).
Proof. By construction of the basis (vm) of V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ), we have wt(vm) =
wt(m) for all m. Furthermore a monomial in W ·Ms is of the form φ
j+4k(Ms) with
j ∈ I0 and k ∈ Z and we have wt(φ
j+4k(Ms)) = 2Λj+1 − 2Λj − 2kδ,
(x+j,0)
(2) · vφj+4k(Ms) = vφj−1+4k(Ms) = vSj(φj+4k(Ms)),
(x−j+1,0)
(2) · vφj+4k(Ms) = vφj+1+4k(Ms) = vSj+1(φj+4k(Ms)),
x±i · vφj+4k(Ms) = 0 in the other cases.
Hence the hypotheses of the above lemma are satisfied and vMs is extremal of weight
2̟1 + sδ for the horizontal quantum affine subalgebra U
h
q (sl
tor
4 ). 
Proposition 5.14. The representation V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is cyclic as a U
h
q (sl
tor
4 )-
module, generated by the vector v = ve2̟1Y1,1Y1,−1Y −10,2 Y
−1
0,0
.
Proof. Consider the sub-Uhq (sl
tor
4 )-module V generated by v. By construction of the
basis (vm) of V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ), vm ∈ V for all m ∈ M(e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ).
We proceed by a recursive argument: assume that for one s ∈ N, we have vm ∈ V for all
m ∈ M(e2̟1−tδY1,1Y1,−1−4tY
−1
0,2 Y
−1
0,−4t) with 0 ≤ t ≤ s. In particular vY1,−1−4sY −13,5 Y0,4Y
−1
0,−4s
is in V and by Example 5.7,
x−0,0 · vY1,−1−4sY −13,5 Y0,4Y
−1
0,−4s
= ve2̟1−(s+1)δY1,5Y1,−1−4sY −10,6 Y
−1
0,−4s
∈ V.
In the same way vφk(Y1,−1−4sY −13,5 Y0,4Y
−1
0,−4s)
and vφk(e2̟1−(s+1)δY1,5Y1,−1−4sY −10,6 Y
−1
0,−4s)
are in
V for any k ∈ Z. But all the vm with m ∈ M(e
2̟1−(s+1)δY1,5Y1,−1−4sY
−1
0,6 Y
−1
0,−4s) can
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be obtained from these vectors by action of Uhq (sl
tor
4 ): this is straightforward from
Example 5.7 and the construction of the basis (vm). 
Proposition 5.15. The Uq(sl
tor
4 )-module V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is irreducible.
Proof. Let V be a non trivial sub-Uq(sl
tor
4 )-module of V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ). As the
ℓ-weight spaces are of dimension one, there exists s ∈ N and a monomial
m ∈ M(e2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s) such that vm ∈ V .
If s = 0, we have already shown in the above proof that V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) is
cyclic generated by vm and V = V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ). Assume that s ∈ N
∗. By
Example 5.7 and the construction of (vm), there exists x ∈ U
h
q (sl
tor
4 ) such that
x · vm = ve2̟1+sδY1,1Y1,−1−4sY −10,2 Y
−1
0,−4s
.
Furthermore Uˆ1 · ve2̟1+sδY1,1Y1,−1−4sY −10,2 Y
−1
0,−4s
is the simple ℓ-highest weight Uˆ1-module
of ℓ-highest weight Y1,1Y1,−1−4s and there exists y ∈ Uq(sl
tor
4 ) such that
y · vm = vY1,1Y −11,1−4sY2,−4sY
−1
0,2
with Y1,1Y
−1
1,1−4sY2,−4sY
−1
0,2 ∈ M
(
e2̟1+(s−1)δY1,1Y1,−1−4(s−1)Y
−1
0,2 Y
−1
0,−4(s−1)
)
. Repeat-
ing this argument, one shows that the vector ve2̟1Y1,1Y1,−1Y −10,2 Y
−1
0,0
is in V . By the above
proposition we get V = V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ). 
Proposition 5.16. The Uq(sˆl4)-module Res(V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )) has a crystal
basis isomorphic to B(2̟1).
Proof. Set K = C(q) with q an indeterminate and let A be the subring of K con-
sisting of rational functions in K without pole at q = 0. We normalize the ba-
sis (vm) of the C(q)-vector space V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) as follows. For all m ∈
M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ), let wm be the vector defined by wm =
1
q vm if there exists
k ∈ Z, s ∈ N∗ such that m = φk(e2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s) and wm = vm other-
wise. Set B = (wm)m and L =
⊕
mAwm. We check directly that (L,B) is a crystal
basis of the Uq(sˆl4)-module Res(V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )), isomorphic to B(2̟1). We
do not detail the calculations. 
Remark 5.17. All these results suggest that Res(V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )) is isomor-
phic to the extremal weight Uq(sˆl4)-module V (2̟1). One expects to prove such a result
for all the extremal loop weight modules constructed by the conjectural process given
above.
5.4. Finite-dimensional representations at roots of unity. Set L ≥ 1 and let ǫ
be a primitive (4L)-root of unity.
Denote by Es the set of monomials occurring in M(e
2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s)
for all s ∈ N. Consider E ′ the subset of E defined by
E ′ =
⊔
0≤s≤L−1
Es.
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Let Eǫ and E
′
ǫ be the images of the sets E and E
′ respectively by the map Γ(4L): E
′
ǫ
is a finite monomial set of cardinality 16L2.
Theorem 5.18. Assume that ǫ is a primitive 4L-root of unity. There exists an irre-
ducible Uǫ(sl
tor
4 )
′-module Vǫ of dimension 16L
2 such that
χǫ(Vǫ) =
∑
m∈E ′ǫ
m.
Proof. The main difficulty is to specialize q at ǫ in the Uv,jq (sltor4 )-modules of type TP.
In fact, these modules can be undefined or reducible after specialization. For better
understand these phenomena, let us study the specialized Uǫ(sˆl2)
′-module V0(Y1,aY1,b)ǫ
with a, b ∈ Z. This representation is well defined if a /∈ b + 4LZ. Assume that in the
following and study V0(Y1,aY1,b)ǫ. If a /∈ b± 2 + 4LZ, this representation is irreducible.
If a ∈ b+ 2 + 4LZ, it is not irreducible: in fact
Uǫ(sˆl2)
′ · vY1,aY1,b = CvY1,aY1,b ⊕ CvY −11,a+2Y1,b
⊕ CvY −11,a+2Y
−1
1,b+2
is an irreducible submodule of V0(Y1,aY1,b)ǫ.
By our study of the Uǫ(sˆl2)
′-module V0(Y1,aY1,b)ǫ, one can specialize q at ǫ in the
defining relations of the action on the basis (vm) of V (e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ). Moreover
one checks that
Uǫ(sl
tor
4 )
′ · vY1,1Y1,−1−4LY −10,2 Y
−1
0,−4L
=
⊕
m∈E−E ′
Cvm
is a sub-Uǫ(sl
tor
4 )
′-module of V (e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )ǫ. By taking the quotient, we
obtain a Uǫ(sl
tor
4 )
′-module
Vǫ =
⊕
m∈E ′
Cvm
which is irreducible: this is straightforward with the explicit formulas of the action. 
6. Further possible developments and applications
In this last section, we give other promising directions to study the extremal loop
weight modules for quantum toroidal algebras of general types. Moreover we give some
possible applications of the results obtained in this article. This will be done in further
papers.
In our construction of level 0 extremal loop weight modules in type A, monomial
realizations of crystals and promotion operators on the finite crystals have a crucial
role. Let us give some results which suggest that a similar construction is possible in
other types. In [28], an explicit description of monomial realizations of level 0 extremal
fundamental weight crystals of quantum affine algebras is given for all the non excep-
tional types. The automorphisms zℓ are determined in these cases. Furthermore in
other types, there exists also symmetry properties for crystals arising from automor-
phisms of the associated Dynkin diagram (analogue of promotion operators in type A).
Using that, a combinatorial process allows to obtain Kirillov-Reshetikhin crystals from
crystals of finite type (see [17, 31, 44]). These symmetry properties will be useful for a
similar construction of extremal loop weight modules in other types.
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As we have viewed, the extremal fundamental loop weight modules V (e̟ℓYℓ,0Y
−1
0,dℓ
)
(n = 2r + 1 and ℓ = 1, r + 1 or n) are completely reducible as Uv,0q (sltorn+1)-modules:
they are direct sums of fundamental modules of Uq(sˆln+1). Similar vector spaces are
considered in [7] for the quantum affine algebra Uq(gˆ) associated to a simple Lie algebra
g over C. In fact for a finite-dimensional representation V of Uq(gˆ)
′, the vector space
V ⊗C C[z, z
−1] is endowed with a structure of Uq(gˆ)-module by using the grading of
this algebra. So the action is very different to the one defined in this article and we do
not have a way to extend this action for the quantum toroidal algebra Uq(g
tor). But
it would be interesting to study an analogous construction for the quantum toroidal
algebra Uq(g
tor). We can expect to construct other examples of extremal loop weight
modules by this process.
Let us explain another approach to construct extremal loop weight modules which
could be fruitful. Let g be a Kac-Moody algebra. For an integral weight λ, one defines
λ+ =
∑
λ(hi)≥0
λ(hi)Λi and λ− = λ+ − λ. To study the extremal weight module
V (λ), Kashiwara [32] considers the tensor product V ′(λ) = V (λ+) ⊗ V (λ−) of the
simple highest weight module V (λ+) and the simple lowest weight module V (λ−). By
analogy, it would be interesting to define an action of the quantum affinization Uq(gˆ)
on the tensor product of simple ℓ-highest weight modules and simple ℓ-lowest weight
modules, in the spirit of [22, 23] and [13, 14, 15, 16]. This will be studied in a further
paper.
Another possible direction is to study the finite-dimensional representations of Dou-
ble Affine Hecke Algebras (or Cherednick algebras) at roots of unity obtained from
the new finite-dimensional representations of Uǫ(sl
tor
n+1) defined above, via Schur-Weyl
duality [48].
In this article, we have defined promotion operators for the level 0 extremal funda-
mental weight crystals B(̟ℓ) in type An (n ≥ 2 odd, 1 ≤ ℓ ≤ n). It will be interesting
to discuss the existence of promotion operators for other level 0 extremal weight crystals
and the uniqueness of them in the spirit of [47].
Appendix
In this part, we describe the monomial crystal
M(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) =
⊕
s∈N
M(e2̟1+sδY1,1Y1,−1−4sY
−1
0,2 Y
−1
0,−4s).
More precisely, we represent the two connected componentsM(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )
andM(e2̟1+δY1,1Y1,−5Y
−1
0,2 Y
−1
0,−4) ofM(e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ). Recall that all its con-
nected components are isomorphic to each other modulo shift of weight by δ. Further-
more the map τ4,−2δ is an automorphism of these crystals and we only give a part
of them. The full crystals are obtained by applying the automorphism τ4,−2δ. The
sub-I0-crystals
M10,0,0 =MI0(Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 )
and
M0,0,1 =MI0(Y1,1Y1,−5Y
−1
0,2 Y
−1
0,−4)⊕MI0(Y
−1
1,1 Y1,5Y2,0Y
−1
0,6 )
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are explicitly given.
Note that the θ-twisted automorphism φ ofM(e2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ) can be viewed
as a descent of one diagonal in these crystals.
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The Uq(sˆl4)-crystal M(e
2̟1Y1,1Y1,−1Y
−1
0,2 Y
−1
0,0 ).
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The Uq(sˆl4)-crystal M(e
2̟1+δY1,1Y1,−5Y
−1
0,2 Y
−1
0,−4).
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